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Preface

Undergraduate mathematics syllabi vary considerably in their cover-
age of measure-theoretic probability theory, so beginning graduates
often find substantial gaps in their background when attending mod-
ules in advanced analysis, stochastic processes and applications. This
text seeks to fill some of these gaps concisely. The exercises form an
integral part of the text. The material arose from my experience of teach-
ing AIMS students between 2004 and 2007, of which I retain many
fond memories. The AIMS series format allows few explorations of
byways; and the objective of arriving at a reasonably honest but concise
account of the Itô integral decided most of the material. With moti-
vation from elementary probability we discuss measures and integrals,
leading via L2-theory and conditional expectation to discrete martin-
gales and an outline proof of the Radon–Nikodym Theorem. The last
two chapters introduce Brownian Motion and Itô integrals, with a brief
look at martingale calculus. Here proofs of several key results are only
sketched briefly or omitted. The Black–Scholes option pricing model
provides the main application. None of the results presented are new;
any remaining errors are mine.

Three happy, lively AIMS student cohorts suffered my attempts to intro-
duce them to mathematical finance. My sincere thanks go to them, to the
AIMS team for their support, to Alan Beardon for his encouragement,
to two helpful reviewers, to Marek Capinski for wise advice and above
all to my wife Margaret for her patient, loving support.

vii





1

Probability and measure

1.1 Do probabilists need measure theory?

Measure theory provides the theoretical framework essential for the
development of modern probability theory. Much of elementary prob-
ability theory can be carried through with only passing reference to
underlying sample spaces, but the modern theory relies heavily on mea-
sure theory, following Kolmogorov’s axiomatic framework (1932) for
probability spaces. The applications of stochastic processes, in partic-
ular, are now fundamental in physics, electronics, engineering, biology
and finance, and within mathematics itself. For example, Itô’s stochas-
tic calculus for Brownian Motion (BM) and its extensions rely wholly
on a thorough understanding of basic measure and integration the-
ory. But even in much more elementary settings, effective choices of
sample spaces and σ-fields bring advantages – good examples are the
study of random walks and branching processes. (See [S], [W] for nice
examples.)

1.2 Continuity of additive set functions

What do we mean by saying that we pick the number x ∈ [0, 1] at ran-
dom? ‘Random’ plausibly means that in each trial with uncertain out-
comes, each outcome is ‘equally likely’ to be picked. Thus we seek to
impose the uniform probability distribution on the set (or sample space)
Ω of possible outcomes of an experiment. If Ω has n elements, this is
trivial: for each outcome ω, the probability that ω occurs is 1

n . But when
Ω = [0, 1] the ‘number’ of possible choices of x ∈ [0, 1] is infinite,

1



2 Probability and measure

even uncountable. (Recall that the set Q of rational numbers is count-
able, while the set R of real numbers is uncountable.) We cannot define
the ‘uniform probability’ on [0, 1] as a function of points x or singletons
{x}; however, we can first define our probability function or (Lebesgue)
measurem just for intervals: if 0 ≤ a < b ≤ 1, we setm([a, b]) = b−a.
Thus measure, or ‘probability’, is a function of sets, not of points. The
challenge is to extend this idea to more general sets in [0, 1].

With such an extension we can determine m({x}) for fixed
x ∈ [0, 1]: for ε > 0, {x} ⊂

[
x− ε

2 , x+ ε
2

]
, so if we assume m to

be monotone (i.e. A ⊂ B implies m(A) ≤ m(B)), then we must con-
clude that m({x}) = 0. On the other hand, since some number between
0 and 1 is chosen, it is not impossible that it could be our x. Thus a
non-empty set A can have m(A) = 0.

The probability that any one of a countable set of reals A =
{x1, x2, . . . , xn, . . .} is selected should also be 0, since for any ε> 0
we can cover each xn by an interval In =

[
xn − ε

2n+2 , xn + ε
2n+2

]
so

that A ⊂ ∪∞
n=1In with total length Σ∞

n=1m(In) < ε. We just need the
‘obvious’ property that m(A) =

∑∞
n=1m({xn}) for our conclusion.

We generalise this to demand the countable additivity property
of any probability function A �→ P (A), i.e. if (An)n≥1 are dis-
joint, then P (∪∞

n=1An) =
∑∞

n=1 P (An). We shall formalise this in
Definition 1.9.

This demand looks very reasonable, and is an essential feature of
the calculus of probabilities. It implies finite additivity: if A1, . . . , An

(n ∈ N) are disjoint, then P (∪n
i=1Ai) = Σn

i=1P (Ai). Simply
let Ai = ∅ for i > n (see Proposition 1.3).

Remark 1.1 Our example suggests a useful description of the ‘negli-
gible’ (or null) sets in [0, 1] (and by the same token in R) for Lebesgue
measure m: the set A is m-null if for every ε > 0 there is a sequence
(In)n≥1 of intervals of total length

∑∞
n=1m(In) < ε, so that A ⊂

∪∞
n=1In. (Note that the In need not be disjoint.) This requirement will

characterise sets A ⊂ R with Lebesgue measure m(A) = 0.

Example 1.2 The Cantor set provides an uncountable m-null set in
[0, 1]. Start with the interval [0, 1], remove the interval

(
1
3 ,

2
3

)
, obtaining

the set C1, which consists of the two intervals
[
0, 1

3

]
and

[
2
3 , 1

]
. Next

remove the ’middle thirds’
(

1
9 ,

2
9

)
,
(

7
9 ,

8
9

)
of these two intervals, leaving
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C2, consisting of four intervals each of length 1
9 , etc. At the nth stage we

have a set Cn, consisting of 2n disjoint closed intervals, each of length
1
3n . Thus the total length of Cn is

(
2
3

)n
, which goes to 0 as n→ ∞.

We call C =
⋂∞

n=1 Cn the Cantor set, which is contained in each Cn,

hence is m-null. Using ternary expansions, you may now show that C
is uncountable (just as with decimal expansions for [0, 1]).

We develop some abstract probability theory. Any given set Ω can
serve as sample space, and we consider (‘future’) events A,B from a
given class A of subsets of Ω. We wish to define the probability P (A)
(resp. P (B)) as numbers in [0, 1]. Clearly, we would then also wish to
know P (A ∪ B), P (Ac), P (A ∩ B), etc. Thus the class A of sets on
which P is defined should contain Ω (and P (Ω) = 1) and together with
A,B it should also contain A ∪ B and Ac. This ensures that A also
contains A ∩ B: Ac ∪ Bc = (A ∩ B)c is in A, hence also A ∩ B.

Such a class A is a field. (This, now standard, use of the term ‘field’ in
probability theory is somewhat unfortunate, and invites confusion with
its usual algebraic meaning. Some authors seek to avoid this by using
the term ‘algebra’ instead. We shall not do so.)

We demand that P is additive, i.e. for disjoint A,B ∈ A we have
P (A ∪B) = P (A) + P (B). This suffices for our first result.

Proposition 1.3 If A,B ∈ A and A ⊂ B, then we have
P (B\A) = P (B)−P (A).Hence P (∅) = 0. Moreover, P is monotone:
A ⊂ B implies P (A) ≤ P (B).

Proof B\A = B ∩ Ac, so B\A is in A. But B = A ∪ (B\A) and
these sets are disjoint. Hence P (B) = P (A)+P (B\A). For the second
claim, use B = A. The final claim follows as P is non-negative.

Exercise 1.4 Show that for any A,B in A (disjoint or not)

P (A ∪B) + P (A ∩B) = P (A) + P (B).

Given any probability P (see Definition 1.9 below), we call an event
A P -null if P (A) = 0. An event B is called almost sure (or full) if
P (B) = 1 (so that Bc is P -null, since P (B) + P (Bc) = P (Ω)). A
property (e.g. of some function) holds almost surely if it holds on a full
set (i.e. except possibly on some null set).
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Example 1.5 (i) Let Ω = {1, 2, . . . , n} (or any finite set) A = 2Ω its
power set (the class of all subsets) and P (A) = #A

n , where #A is the
number of points in A.

(ii) Let Ω be any set, A = 2Ω, δx(A) = 1 for x ∈ A, else 0. Then
P = δx is the point mass at x (also called a Dirac δ-measure). Of
course, the power set is always a field.

(iii) For finite or countable sample spaces, probability distributions can
be built from Dirac measures: call a probability P on R discrete if there
is a countable full subset C (i.e. P (C) = 1). This is obviously equiv-
alent to P having the form P =

∑∞
i=1 piδxi

for some real sequences
(xi)i≥1, (pi)i≥1 with pi > 0 and

∑∞
i=1 pi = 1.

The following distributions should be familiar:

(a) Bernoulli: P = pδ1 + (1 − p)δ0, 0 < p < 1.
(b) Binomial Bi(n,p): P =

∑n
i=1 piδi,

where pi =
(
n
i

)
pi(1 − p)n−i, 0 ≤ i ≤ n, 0 < p < 1.

(c) Geometric Geo(p): P =
∑∞

i=1 piδi,
where pi = p(1 − p)i−1, i ≥ 1, 0 < p < 1.

(d) Negative binomial NegB(n,p): P =
∑∞

i=n piδi,
where pi =

(
i−1
n−1

)
pi(1 − p)i−n, i ≥ n, 0 < p < 1.

(e) Poisson Po(λ): P =
∑∞

i=1 piδi,

where λ > 0 and pi = e−λ λk

i! , i ≥ 0.
You may know these better as distributions of well-known classes of
random variables.

Example 1.6 For a different example, we consider a field that enables
us to generate Lebesgue measure on R.

Let Ω = R. Consider left-open, right-closed intervals, i.e.
of the form (a, b] for a, b ∈ [−∞,∞] (the set of extended reals,
which consists of R ∪ {−∞,∞}) and where by convention we set
(a,∞] = (a,∞) for −∞ ≤ a ≤ ∞. We then define

A0 = {∪n
i=1(ai, bi] : a1 ≤ b1 ≤ a2 ≤ . . . ≤ bn, n ≥ 1} ,

so that A0 is the class of all finite disjoint unions of such intervals. We
define the measure of such a union as

m (∪n
i=1(ai, bi]) =

n∑
i=1

(bi − ai).
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This fits with our earlier informal definition for closed intervals, since
we showed that m({x}) = 0 for any x and m is finitely additive.

Exercise 1.7 Verify that A0 is a field. Would this remain true if we had
used open (or closed) intervals instead?

In practice, as can already be seen from examples (d) and (e) above,
we are driven to considering unions and intersections of an infinite
sequence of events. As another example, in an infinite sequence of coin
tosses, what is the probability that ‘heads’ will occur infinitely often?
We shall see that this depends crucially on our assumptions about the
probability of success at each stage.

The Borel–Cantelli (BC) Lemmas are the archetype of this sort of
result. To formulate the first lemma, suppose that A1, A2, . . . , An, . . .

is a sequence in A with
∑∞

n=1 P (An) < ∞. How should we find the
probability of the event

Ai.o. = {ω : ω ∈ An for infinitely many n}?

(As withAi.o., we shall use ‘i.o.’ as an abbreviation for ‘infinitely often’
throughout.) We must ensure that P (Ai.o.) makes sense. If ω belongs to
infinitely many An, then for each m ≥ 1 there is at least one n ≥ m

with ω ∈ An. So ω ∈ ∪n≥mAn for all m. Thus we need to define the
probability of the union of infinitely many An if we are to get further.
This leads first to:

Definition 1.8 A class F of subsets of a given set Ω is a σ-field (use of
the term σ-algebra is also common) of subsets of Ω if:
(i) Ω ∈ F .
(ii) A ∈ F implies Ac ∈ F .
(iii) {An : n ∈ N} ⊂ F implies

⋃∞
n=1An ∈ F .

Thus F is closed under complements and countable unions.

A field, and indeed any family A of subsets of Ω, generates a minimal
σ-field σ(A): we define

σ(A) = ∩{G : G is a σ-field, A ⊂ G}.

It is easily verified that σ(A) satisfies (i)–(iii) of Definition 1.8 A key
example is given by the Borel σ-field B = σ(A0) with the field A0
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defined as in Example 1.6 above. In what follows, the pair (R,B) plays
a central role.

For ω ∈ Ai.o., we need to have ω ∈ ∪n≥mAn for each m ≥ 1, so
that we write

Ai.o. = ∩m≥1(∪n≥mAn) := lim supn→∞An.

To see that Ai.o. belongs to the σ-field F , we show that F is also closed
under countable intersections. Since F is closed under complements,
if (Bn)n≥1 ⊂ F then each Bc

n ∈ F , and by de Morgan’s laws we have
(∩n≥1Bn)c = ∪n≥1B

c
n, so that ∩n≥1Bn is the complement of a set in

F , hence is itself in F . Thus we see that Ai.o. is well-defined as soon as
the sets An belong to a σ-field of sets in Ω.

But this still does not tell us how to find its probability.

Definition 1.9 A triple (Ω,F , P ) is a probability space if Ω is any set,
F is a σ-field of subsets of Ω and the function P : F → [0, 1] satisfies:

(i) P (Ω) = 1.

(ii) {An : n ∈ N} ⊂ F and An ∩Am = ∅ for n �= m imply that

P (∪∞
n=1An) =

∞∑
n=1

P (An).

We say that the probability P is a σ-additive (also called countably
additive) set function.

We may equally define lim infn→∞An = ∪n≥1(∩Am≥n). This set
contains all points that eventually belong to sets in the sequence (An)n.

We also write Aev for this set.

Exercise 1.10 Check: (lim infn→∞An)c = lim supn→∞Ac
n.

Compare this with a similar result for the upper and lower limits
of a sequence of real numbers – recall that for a real sequence (an)
we define lim supn an as infn≥1(supm≥n am) and lim infn an as
supn≥1(infm≥n am). You should prove that (an) converges if and only
if (iff) these quantities coincide! We use this fact in later chapters.

Any countable union
⋃∞

k=1Ak can be written as a disjoint union: let
Bk = Ak\

⋃k−1
j=1 Aj , then clearlyBk ⊂ Ak for each k andBj∩Bk = ∅

when j �= k. You should verify that
⋃∞

k=1Bk =
⋃∞

k=1Ak.
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Exercise 1.11 Prove that a finitely additive set function P : F → [0, 1]
is σ-additive iff the following statement holds: whenever (Bn)n≥1 in F
decreases to the empty set (∩n≥1Bn = ∅), then limn→∞ P (Bn) = 0.
(This is often called ‘continuity’ of P at ∅.)

To find P (lim supn→∞An), we first need some more simple conse-
quences of the definitions:

Proposition 1.12 Let (Ω,F , P ) be a probability space.

(i) If (Ai)i≥1 in F , then P (∪i≥1Ai) ≤
∑∞

i=1 P (Ai).
(ii) If Ai ⊂ Ai+1, (i ≥ 1), then P (∪i≥1Ai) = limn→∞ P (An).
(iii) If Ai+1 ⊂ Ai, (i ≥ 1), then P (∩i≥1Ai) = limn→∞ P (An).

Exercise 1.13 Prove Proposition 1.12 and show that (ii) and (iii) are
equivalent ways of formulating σ-additivity of additive P . (Here (i) says
that P is countably subadditive.)

We introduce notation for the convergence of sets: write An → A if
lim supnAn = lim infnAn = A (alternatively, Ai.o. = Aev = A).
Note the analogy with convergent sequences! As a special case, we
write An ↑ A if An ⊂ An+1 for all n and A = ∪∞

n=1An. Similarly,
An ↓ A if An+1 ⊂ An for all n and A = ∩∞

n=1An.

Proposition 1.14 If An → A, then P (An) → P (A).

Proof If An → A, then A = Ai.o. = Aev, so P (A) = P (Ai.o.) =
P (Aev). We need to show that

lim supn P (An) = lim infn P (An) = P (A).

But lim infn P (An) ≤ lim supn P (An) always holds, so we just need
to show that P (lim infn(An)) ≤ lim infn P (An). Now for each k ≥ 1

∩n≥kAn ⊂ Ak, hence P (∩n≥kAn) ≤ P (Ak)

and the result follows by Proposition 1.12 (ii) on letting k → ∞, since
∩n≥kAn ↑ lim infnAk = A.

Exercise 1.15 Show that lim supn P (An) ≤ P (lim supnAn).
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For the first BC Lemma, let Bm = ∪n≥mAn so that (Bm) decreases,
hence by 1.12(ii) and 1.12(i)

P (∩m≥1Bm) = limm P (Bm) = limm P (Am ∪Am+1 ∪ . . .)
≤ limm(P (Am) + P (Am+1) + . . .) = 0

since the series (of real numbers!)
∑∞

n=1 P (An) converges.
We have proved:

Lemma 1.16 (First Borel–Cantelli (BC) Lemma): If (An)n is a
sequence of events with

∑∞
n=1 P (An)<∞, then P (lim supnAn) = 0.

Thus, if we have a sequence of events whose probabilities decrease
quickly enough to keep their sum finite (for example, if P (An+1) =
0.999P (An) for each n), then it is certain (i.e. the probability is 1)
that only finitely many of them will occur. This may not be unduly
surprising, but it did need a proof.

1.3 Independent events

The first BC Lemma is immediate from our definitions. Matters are very
different, however, when the series

∑∞
n=1 P (An) diverges. Then we do

have a second BC Lemma, but this applies only when the sequence of
events (An)n is independent. Recall some basic definitions:

Definition 1.17 Let (Ω,F , P ) be a probability space. For A,B ∈ F
with P (B) > 0, define

P (A|B) =
P (A ∩B)
P (B)

as the conditional probability of A, given B.

Exercise 1.18 Verify that the function PB : A → P (A|B) is again a
probability. (Hint: if (An)n are pairwise disjoint sets in F , then (An ∩
B)n are also pairwise disjoint.)
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Exercise 1.19 Suppose that A,Bn ∈ F with (Bn)n pairwise disjoint,
P (Bn) �= 0 for all n and ∪∞

n=1Bn = Ω. Prove that

P (A) =
∞∑

n=1

P (A|Bn)P (Bn).

This is often called the Theorem of Total Probability.

Definition 1.20 Events A,B in F are independent if

P (A ∩B) = P (A)P (B).

When P (B) > 0, this is the same as the more natural requirement that
B should ‘have no influence’ on A; i.e. P (A|B) = P (A). However,
our definition still makes sense if P (B) = 0.

Care must be taken when generalising this definition to three or
more sets (e.g. A,B,C): it is not enough simply to require that
P (A ∩B ∩ C) = P (A)P (B)P (C).

Exercise 1.21 Find examples of sets in R to justify this claim.

As our general definition of independence of events, we therefore
require:

Definition 1.22 Let (Ω,F , P ) be a probability space. Events
A1, A2, . . . , An in F are independent if for each choice of indices
1 ≤ i1 < i2 < . . . < ik ≤ n

P
(
∩k

m=1Aim

)
= P (Ai1)P (Ai2) . . . P (Aik

) =
k∏

m=1

P (Aim
).

A sequence (An)n≥1 of events (or any family (Aα)α) is independent if
every finite subset Ai1 , Ai2 , . . . , Aik

of events is independent.

With this machinery we formulate:

Lemma 1.23 (Second Borel–Cantelli (BC) Lemma): If the
sequence (An)n≥1 is independent and

∑∞
n=1 P (An) = ∞, then

P (lim supn An) = 1.
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Proof To prove that P (∩∞
k=1 (∪∞

n=kAn)) = 1 it will suffice to show
that for each k ≥ 1, P (∪∞

n=kAn) = 1. This follows from Proposition
1.12 (iii): ∪∞

n=kAn decreases as k increases, so that

limk→∞ P (∪∞
n=kAn) = P (∩∞

k=1(∪∞
n=kAn)) .

Now consider ∩m
n=kA

c
n for a fixed m > k. By de Morgan’s laws, we

have (∪m
n=kAn)c = ∩m

n=kA
c
n. The (Ac

n) are also independent (check
this yourself!), so for k ≥ 1

P (∩m
n=kA

c
n) =

m∏
n=k

P (Ac
n) =

m∏
n=k

[1 − P (An)].

For x ≥ 0, we have 1 − x ≤ e−x (use the Taylor series, or simply the
derivative), so

m∏
n=k

[1 − P (An)] ≤
m∏

n=k

e−P (An) = e−
∑m

n=k P (An).

Now recall that we have assumed that the series
∑

n P (An) diverges.
Hence for fixed k the partial sums

∑m
n=k P (An) grow beyond all

bounds as m → ∞. So, as m → ∞ the right-hand side (RHS) of
the inequality becomes arbitrarily small.

This proves that

1 − P (∪m
n=kAn) = P (∩m

n=kA
c
n) → 0 as m→ ∞.

Now write Bm = ∪m
n=kAn. The sequence (Bm)m is increasing in m

and its union is ∪∞
n=kAn. Applying Proposition 1.12 (ii), we have

P (∪∞
n=kAn) = limm→∞ P (Bm) = 1

and the proof is complete.

1.4 Simple random walk

The following famous example illustrates the power of the BC Lemmas.
(i) On the line, imagine a drunkard describing a symmetric random walk
from 0, i.e. who at each step is equally likely to go left or right. How
often does such a walk return to the starting point? The position reached
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after n steps is given by Sn =
∑n

i=1Xi, where the Xi are independent
Bernoulli random variables with

P (Xi = 1) =
1
2

= P (Xi = −1).

Note that P (S2n−1 = 0) = 0 for all n (Why?).
To find P (S2n = 0) we use the well-known approximation of n!

given by Stirling’s formula

n! ≈
(n
e

)n √
2πn for large n.

To get back to 0 in 2n steps, the drunkard has to have taken n steps to
the right and n to the left. Thus the probability of return to 0 is (for
large n)

P (S2n = 0) =
(

2n
n

)(
1
2

)n (1
2

)2n−n

=
(2n)!
(n!)2

(
1
2

)2n

≈
(

2n
e

)2n √2π(2n)[(
n
e

)n √
2πn

]2 (
1
2

)2n

=
1√
nπ

.

Now take An = (S2n = 0) in the second BC Lemma: the series∑∞
n=1 P (An) diverges, as for large n we have P (An) ≈ 1√

nπ
and∑

n
1√
n

is divergent. Thus we have shown that P (S2n = 0 infinitely
often) = 1.
(ii) In two dimensions, a similar ‘walk’ would take place on a grid, so
there are four choices at each step, and we can regard the path as the
composition of two one-dimensional excursions similar to the above.
We can also take them as independent (this needs justification, which
we omit), so that P (S2n = 0) ≈ 1

nπ . The series
∑∞

n=1 P (An) also
diverges, since

∑
n

1
n diverges. Thus we again find that P (S2n = 0

i.o.) = 1.
(iii) In three dimensions, similarly, P (S2n = 0) ≈ 1

(nπ)3/2 . But now

the series
∑∞

n=1 P (An) converges by comparison with the convergent
series

∑
n

1
n3/2 . Thus the first BC Lemma shows thatP (S2n = 0 i.o.) =

0 for each n.
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Measures and distribution functions

The next definition is motivated by Lebesgue measure, and extends that
of probability spaces by relaxing the condition that μ(Ω) = 1. We now
stipulate as part of the definition that the empty set has measure 0.

Definition 2.1 A measurable space (Ω,F) consists of a set Ω and a
σ-field F of its subsets. The sets in F are called measurable. A measure
on (Ω,F) is a function μ : F →[0,∞] such that μ(∅) = 0 and for
any disjoint sequence (An)n in F , μ(∪∞

n=1An) =
∑∞

n=1 μ(An). (This
identity is expressed by saying that μ is countably additive.)

However, if there is a measurable setA with μ(A)<∞, we can employ
additivity: with B = A in Proposition 1.3 (and the same proof) we
see again that μ(∅) = μ(A)− μ(A) = 0. Most of Proposition 1.12 also
remains true withP replaced by μ: the only change is that in 1.12(iii) we
need to demand that μ(A1) <∞ for the arguments to make sense.

2.1 σ-finite measures

There are measure spaces where no non-empty set has finite measure!
Setting μ(A) = +∞ for each non-empty set in the field A0, described
in Example 1.6, and using Theorem 2.8 below yield such a measure on
the Borel σ-field B. To avoid such examples, we restrict our attention to:

Definition 2.2 A measure μ on a measurable space (Ω,F) is finite
if μ(Ω) < ∞. It is σ-finite if there is a sequence (Fn)n in F with
μ(Fn)<∞ for all n and ∪nFn = Ω.

12
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Recall that in a probability space (Ω,F , P ) we say that a certain
property (e.g. of functions) holds almost surely (abbreviated as a.s.(P ),
or simply a.s.) if it holds on a full set (i.e. one whose comple-
ment is null). For a general measure μ, the term ‘almost everywhere’
(abbreviated as a.e.(μ), sometimes as μ-a.e., or just a.e.) is commonly
used for the same concept – ‘a.s.’ will indicate that the measure in
question is a probability measure.

Example 2.3 For A = ∪n
i=1(ai, bi] ∈ A0 (see Example 1.6), length

was given in an obvious way: m(A) =
∑n

i=1(bi − ai). Clearly, the
sequence Fn = (−n, n] shows thatm is σ-finite. To extend this measure
to more general sets, the first step is very natural: for E ⊂ R, define
Lebesgue outer measure m∗ by

m∗(E) = inf

{ ∞∑
i=1

(bi − ai) : E ⊂ ∪∞
i=1(ai, bi]

}
.

Note that by its definition, m∗ is monotone: A ⊂ B implies that
m∗(A) ≤ m∗(B). We leave another property as an exercise: show that
m∗ is countably subadditive, i.e. that for any (Ei)i

m∗ (∪∞
i=1Ei) ≤

∞∑
i=1

m∗(Ei).

However, it is too much to expect that m∗ is σ-additive on all
subsets of R; at least if we accept the Axiom of Choice. Informally, this
axiom says that, given any collection of non-empty sets, we can form a
new set by choosing one element from each set in the collection. The
axiom is independent of the axioms of (Zermelo–Fraenkel) set theory,
and we shall (like most mathematicians) accept its validity. With it we
can construct a sequence of sets in R on which m∗ is not σ-additive.
First, we need a simple fact about m∗ whose proof is left to you. Write
E + x = {e + x : e ∈ E} for E ⊂ R and x ∈ R. Show that m∗ is
translation-invariant: m∗(E + x) = m∗(E) for E ⊂ R and x ∈ R.

Example 2.4 Define an equivalence relation on [0, 1] by saying that
x∼ y iff x−y ∈ Q. From each equivalence class (how many classes are
there?), pick one element and call the set formed by these elements A.
By the above, m∗(A + q) = m∗(A) for any rational q. Also, if q �= r,

then A+ q and A+ r are disjoint, as is easily seen.
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Suppose m∗ is σ-additive. With B = ∪q∈[−1,1]∩Q(A + q), we
have m∗(B) =

∑
q∈[−1,1]∩Qm

∗(A + q). But we have [0, 1] ⊂
B⊂ [−1, 2], so, by subadditivity of m∗, the first inclusion gives 1 ≤∑

q∈[−1,1]∩Qm
∗(A + q), hence m∗(A) > 0. On the other hand,

the second inclusion tells us that
∑

q∈[−1,1]∩Qm
∗(A + q) ≤ 2 and

hence m∗(A) = 0. The contradiction shows that m∗ is not σ-additive
over 2Ω.

On the other hand, we will see shortly thatm∗ is a measure on the Borel
σ-field B = σ(A0), Since (a, b) = ∪∞

n=k

(
a, b− 1

n

]
(when 1

k < b− a),
it follows that every open interval (and hence every open set, as it can be
written as a countable union of open intervals) belongs to B. So every
closed set also belongs to B.

Thus B could equally well be defined as the smallest σ-field
containing all open sets (or all closed sets, or all intervals), since,
conversely, any interval of the form (a, b] = ∩∞

n=1

(
a, b+ 1

n

)
would

then also belong to this σ-field. The flexibility we have in the type of
interval we use is helpful in many situations. We started with half-open
intervals because we want their lengths to add up correctly, with no
gaps or overlaps: to ensure that length m is additive, we need in
particular for c∈ (a, b) that m((a, b]) = b − a = (b − c) + (c − a) =
m((c, b]) +m((a, c]).

We extend things a little further. A set N is m∗-null if m∗(N) = 0
(cf. also Remark 1.1). We write N for the collection of all m∗-null
sets (note that subsets of null sets are null as m∗ is monotone). The
σ-field L is the σ-field generated by B ∪ N . Sets in L will be called
Lebesgue-measurable.

To show that m extends to a measure on (R,B), we quote without
proof a key general result on the extension of measures. First we need
some more definitions:

Definition 2.5 (i) μ∗:2Ω → [0,∞] is an outer measure if it is countably
subadditive, monotone and μ∗(∅) = 0.

(ii) Let μ∗ be an outer measure. A ⊂ Ω is μ∗-measurable if

μ∗(E) = μ∗(E ∩A) + μ∗(E\A)

for each E ⊂ Ω.
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It is easy to see that m∗ : 2R → [0,∞], defined in Example 2.3, is an
outer measure, as is μ∗, defined in the Key Extension Theorem, which
we state without proof:

Theorem 2.6 (Caratheodory) Suppose F0 is a field of subsets of
a set Ω and μ : F0 → [0,∞] is a measure. Define μ∗(E) =
inf {

∑∞
i=1 μ(Ai) : Ai ∈ F0, E ⊂ ∪∞

i=1Ai} for E⊂Ω. Then μ∗ and μ
agree on F0, every set in F0 is μ∗-measurable, and if μ is σ-finite, then
μ∗ is the unique extension of μ to a measure on the σ-field F = σ(F0).

This reduces the proof of the existence of Lebesgue measure m : L →
[0,∞] to two steps, which are also given without proof. The first applies
to outer measures in general; the second ensures that real intervals are
m∗-measurable:
(1) For any outer measure μ∗, the collection M(μ∗) of μ∗-measurable
sets is a σ-field containing all μ∗-null sets, and the restriction of
μ∗ to M(μ∗) is a measure.
(2) If for a disjoint sequence (Ai)i≥1 in A0 their union A = ∪∞

i=1Ai

also belongs to A0, then m(A) =
∑∞

i=1m(Ai).
Thus Carathedory’s Theorem ensures that sets in A0 are m∗-

measurable, and that m∗ : L → [0,∞] is the unique measure extend-
ing m, since L ⊂ M(m∗). We write m instead of m∗ for Lebesgue
measure on R. This measure is complete, i.e. subsets of m-null sets are
measurable.

Finally, note that Example 2.4 provides us with a set A which is not
in L: if A were Lebesgue-measurable, then m∗ would be σ-additive
over the sequence A + q : q ∈ Q. Thus we are justified in calling A a
non-measurable set for Lebesgue measure.

2.2 Generated σ-fields and π-systems

Although a measure needs to be defined on a σ-field, we rarely have
situations where these are given in advance. For example, in building
Lebesgue measure we started with intervals, or, more precisely, with the
field A0, and generated the Borel σ-field B from it. The question arises:
under which conditions on a class C will the extension of a measure
from C to σ(C) be unique? It turns out, remarkably, that all we need
is that our generating class should contain ∅ and be closed under finite
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intersections, i.e. if A,B ∈ C, then A ∩ B ∈ C. We call such a class a
π-system. Clearly, any field is a π-system. For the field A0, we have: if
a < b < c < d, then (a, c] ∩ (b, d] = (b, c].

We need one further notion: a system D of subsets of Ω is a d-system
(sometimes called a monotone class) if it contains Ω and is closed under
(proper) difference (if A ⊂ B in D, then B\A ∈ D) and increas-
ing countable unions (if Ai ⊂ Ai+1, Ai ∈ D for all i ≥ 1, then
∪∞

i=1Ai ∈ D). It is usually easier to check these requirements than those
for σ-fields. As for σ-fields, we write d(C) for the smallest d-system
containing C – note that this is again the intersection of all d-systems
containing C – and call it the d-system generated by C. The link with
σ-fields is clear from:

Exercise 2.7 Show that a collection C of subsets of Ω is a σ-field iff it
is both a π-system and a d-system.

Theorem 2.8 Monotone Class Theorem for π-systems. For any
π-system C on Ω, we have: d(C) = σ(C).

Proof Define C1 = {B ∈ d(C) : B ∩ C ∈ d(C) for all C in C}.
This condition holds whenever B ∈ C as C is a π-system. We verify
that C1 is a d-system: first, Ω ∈ C1. If A ⊂ B are in C1, then for
C ∈ C, (B\A) ∩ C = (B ∩ C)\(A ∩ C) is in d(C) by the definition
of d-systems. Thus B\A ∈ C1. Finally, let Bn ↑ B with Bn ∈ C1 for
all n. Thus for any C ∈ C, Bn ∩ C ↑ B ∩ C and so B ∩ C ∈ d(C).
Hence B ∈ C1, as required. But C1 contains C and hence it equals d(C).
Next, define C2 = {A ∈ d(C) : A∩B ∈ d(C) for all B in C1}. We have
just seen that this collection contains C. But it is again a d-system (just
as for C1) and thus equals d(C). This means that d(C) is a π-system.
Hence by Exercise 2.7 it must equal σ(C).

Thus, if we begin with an π-system of subsets of Ω on which a certain
property is true, then we only need to establish that the class C of subsets
on which the property holds is a d-system. For then the property holds
on d(C) = σ(C). Our first application is to show how this applies to
σ-finite measures.
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Theorem 2.9 Suppose F is a σ-field on Ω, C is a π-system with
σ(C)=F , and the σ-finite measures P,Q agree on C. Then they agree
on F .

Proof Let G be the class of subsets G = {A ∈ F : P (A) = Q(A)}.We
are given that P = Q on C so C ⊂ G. Thus by Theorem 2.8 we just need
to verify that G is a d-system. This is trivial: Ω is in G by hypothesis;
for A⊂B in G, we have P (B\A)=P (B)−P (A)=Q(B)−Q(A) =
Q(B\A), again using Proposition 1.3 (which applies to σ-finite
measures). Finally, for an increasing sequence in G with An ↑ A we
have P (A) = limn P (An) = limnQ(An) = Q(A).

2.3 Distribution functions

Theorem 2.9 shows in particular that Lebesgue measurem is the unique
extension ofm from A0 to B.More generally, any σ-finite measure, and
so every probability P , on (R,B) is determined by its values on inter-
vals of the form (a, b]; in fact, by intervals of the form (−∞, x]. This
enables us to define the distribution function of the probability P as the
function FP : R → [0, 1] given for x ∈ R by FP (x) = P ((−∞, x]).
The most natural examples are distribution functions of random vari-
ables (see Chapter 3): for X : Ω → R we define the probability
PX : B → [0, 1] by PX(A) = P (X ∈ A) = P ◦ X−1(A). PX is
often called the law of the random variable X . Then we write FX for
FPX

, so that FX(x) = P (X ≤ x).

Exercise 2.10 Check that PX is a measure on (R,B(R)).

The probability P on (R,B) determines the distribution function FP .

The converse also holds:

Proposition 2.11 If FP = FQ, then P = Q. In particular, for random
variables X,Y, if FX = FY , then PX = PY .

Proof By the previous theorem, we only need to show that P = Q on
intervals (a, b]. Since (a, b] = (−∞, b)\(−∞, a]
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P ((a, b]) = P ((−∞, b]) − P ((−∞, a]) = FP (b) − FP (a)

= FQ(b) − FQ(a) = Q((−∞, b)) −Q((−∞, a])

= Q((a, b]).

The main properties of distribution functions are left as

Exercise 2.12 If P is a probability on R, verify that its distribution
function FP is increasing, has right and left limits at all points and is
right-continuous.

In fact, any finite, non-decreasing and right-continuous function real
F (also called a distribution function) will determine a measure μF

on (R,B) by first setting μF ((a, b]) = F (b) − F (a) for intervals
of this form, and then extending to the Borel σ-field B. Clearly,
two such functions differing by a constant define the same measure.
Such Lebesgue–Stieltjes measures μF assign finite values to all finite
intervals. It can be shown (see e.g. [L]) that there is a one–one
correspondence between (equivalence classes of) distribution functions
and Lebesgue–Stieltjes measures.
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Measurable functions/random variables

A function between measurable spaces, f : (Ω,F) → (Ω′,F ′) is
measurable if f−1(E′) ∈ F for all E′ in F ′. (Recall that a map
f : (X, T ) → (X ′, T ′) between topological spaces is continuous if
f−1(E′) ∈ T for all E′ in T ′.) The inverse image of a set A under a
function f is very well-behaved with regard to operations on sets:

Exercise 3.1 Suppose Ω,Ω′ are sets and f : Ω → Ω′ is a function.
Write f−1(A) = {ω ∈ Ω : f(ω) ∈ A} for any A ⊂ Ω′. Show that:
(i) if A ⊂ B, then f−1(A) ⊂ f−1(B);
(ii) for any family (Aα)α∈Λ of subsets of Ω′

f−1(∪α∈ΛAα) = ∪α∈Λf
−1(Aα),

f−1(∩α∈ΛAα) = ∩α∈Λf
−1(Aα);

(iii) f−1(Ac) = (f−1(A))c;
(iv) if A ∩B = ∅, then f−1(A) ∩ f−1(B) = ∅.

Which, if any, of statements (i)–(iv) hold with f−1 replaced by f?

For measurable f : (Ω,F) → (Ω′,F ′), the collection of inverse images
{f−1(F ′) : F ′ ∈ F ′} is thus again a σ-field, and is obviously contained
in F . This is the σ-field generated by f, denoted by f−1(F ′).

3.1 Measurable real-valued functions

We work with real-valued functions, where the range space is (R,B).
Because the Borel σ-field B is generated by the intervals in R, we can
rephrase our definition in this case as follows:

19



20 Measurable functions/random variables

Definition 3.2 A real-valued function f : Ω → R on the measurable
space (Ω,F) is F-measurable if

f−1(I) = {ω ∈ Ω : f(ω) ∈ I} ∈ F for each real interval I.

We use the flexibility of the Borel σ-field to express Definition 3.2 in
different equivalent forms.

Exercise 3.3 Show that f : Ω → R is measurable iff any of the
following hold:

(i) f−1((a,∞)) ∈ F for all real a;
(ii) f−1([a,∞)) ∈ F for all real a;
(iii) f−1((−∞, a)) ∈ F for all real a;
(iv) f−1((−∞, a]) ∈ F for all real a.

By convention, when (Ω,F , P ) is a probability space, measurable
functions Ω → R are called random variables (often abbreviated to r.v.)
and are usually denoted by X,Y,Z, instead of f, g, h.

Exercise 3.4 Let (Ω,F , P ) be a probability space and letX : Ω→R be
a random variable. Describe the σ-field X−1(B) generated by X when:

(i) X is constant;

(ii) X = 1B for some Borel set B;

(iii) X takes finitely many different values.

3.2 Lebesgue- and Borel-measurable functions

We take a brief look at the special case of functions f : R → R. We
say that f is Lebesgue-measurable if f−1(B) ∈ L for every Borel set
B. A stronger demand is that it is Borel-measurable, which means that
f−1(B) ∈ B for every Borel set B. There are many Borel-measurable
functions as the next Exercise shows.

Exercise 3.5
(i) Suppose f : R → R is continuous. Show that f is Borel-measurable.
Extend the definitions and this result to the case f : Ω→R where Ω is a
metric space and the σ-field F contains all open sets.

(ii) Show that any monotone real function is Borel-measurable.
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It can be shown that, writing c for the cardinality of the reals, there
are c Borel subsets of R, but 2c Lebesgue-measurable subsets of R.

Since A ⊂ R belongs to L (resp. B) iff 1A is Lebesgue (resp.
Borel-)measurable, it follows that there are many Lebesgue-measurable
functions that are not Borel-measurable. Nonetheless, it turns out that
for any Lebesgue-measurable f there is a Borel-measurable function
agreeing with f up to an m-null set.

3.3 Stability properties

Recall that we defined the Borel σ-field B = B(R) by means
of intervals of the form (a, b]. In exactly the same way we can
use rectangles of the form J=

∏n
=i=1(ai, bi] consisting of vectors

x= (x1, x2, . . . , xn)∈Rn with ai < xi ≤ bi for all i ≤ n, to define the
Borel σ-field on Rn : the collection J of such rectangles is a π-system,
and we take B(Rn) = σ(J ). Clearly, this produces the same σ-field if
we start with products of open sets, or even Borel sets, on the line.

Now fix a σ-finite measure space (Ω,F , μ). The following result pro-
vides a large class of ‘new’ measurable sets from ‘old’, again using the
Monotone Class Theorem:

Theorem 3.6 If f1, . . . , fn are measurable functions, fi : Ω → R and
if G : Rn → R is Borel-measurable (i.e. G−1(B) ∈ B(Rn) for all B
in B ), then g = G(f1, . . . , fn) : Ω → R is measurable.

Proof Apply Exercise 3.1 to f =(f1, . . . , fn) : Ω→Rn. If B∈B(Rn)
is a ‘rectangle’ B =

∏n
i=1Bi with Bi ∈ B, then

f−1(B) = {ω ∈ Ω : (f1 (ω), . . . , fn(ω)) ∈ B}
= {ω ∈ Ω : f1(ω) ∈ B1, . . . , fn(ω) ∈ Bn}
= ∩n

i=1{ω ∈ Ω : fi(ω) ∈ Bi} ∈ F .

By Exercise 3.1, the class C = {A ∈ B(Rn) : f−1(A) ∈ F} is a
σ-field. It contains the π-system of rectangles. Hence it equals B(Rn)
by the Monotone Class Theorem. But then for any B ∈ B we have

g−1(B) = {ω ∈ Ω : (f1 (ω), . . . , fn(ω)) ∈ G−1(B)},

and G−1(B) ∈ B(Rn), so g−1(B) ∈ F .
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Exercise 3.7 Suppose that f, g are measurable real-valued functions
defined on (Ω,F). Show that:

(i) the set L0(F) of measurable real-valued functions is a vector space
and is closed under multiplication (i.e. f.g is measurable);

(ii) for any a, the truncation of f given by fa(ω) = a if f(ω) > a, and
fa(ω) = f(ω) if f(ω) ≤ a, is measurable;

(iii) f is measurable iff its positive part f+ = f.1{f>0} and its negative
part f− = −f1{f≤0}are both measurable;

(iv) if f is measurable, then so is |f | = f+ + f−, but not conversely.

We formulate our next results for real-valued functions defined on an
arbitrary measurable E subset of Ω: the restricted space (E,FE , μE) is
of course again a measure space!

Passage to the limit does not destroy measurability – we just need the
stability properties of F .

Theorem 3.8 If {fn} is a sequence of measurable functions defined on
the set E in Ω, then the following are measurable functions also

maxn≤k fn, minn≤k fn, supn∈N fn, infn∈N fn,

lim supn→∞ fn, lim infn→∞ fn.

Proof (Sketch) It is sufficient to note that the following are measurable
sets:
{ω : (maxn≤k fn)(ω) > a} =

⋃k
n=1{ω : fn(ω) > a},

{ω : (minn≤k fn)(ω) > a} =
⋂k

n=1{ω : fn(ω) > a},
{ω : (supn≥k fn)(ω) > a} =

⋃∞
n=k{ω : fn(ω) > a},

{ω : (infn≥k fn)(ω) ≥ a} =
⋂∞

n=k{ω : fn(ω) ≥ a}.
The upper limit is lim supn→∞ fn = infn≥1{supm≥n fm} and the
above relations show that hn = supm≥n fm is measurable; hence
infn≥1 hn(x) is measurable. The lower limit is done similarly.

Corollary 3.9 If a sequence fn of measurable functions converges
(pointwise), then the limit is also measurable.

This is immediate since limn→∞ fn = lim supn→∞ fn, which is
measurable.
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Remark 3.10 Note that for functions f : R → R, Theorems 3.6 and
3.8 have counterparts for Borel functions, i.e. they remain valid upon
replacing ‘measurable’ by ‘Borel’ throughout. However, things are
slightly more complicated when we consider the role of null sets. On
the one hand, changing a function on a null set cannot destroy its
measurability, i.e. any measurable function which is altered on a null
set remains measurable. However, as not all null sets are necessarily
Borel sets, we cannot conclude similarly for Borel sets, and thus, in
the case Ω = R, E ∈ L, the following results have no natural ‘Borel’
counterparts.

Proposition 3.11 If f : E → R is measurable, E ∈ F , g :E→R

is arbitrary, and the set {ω : f(ω) = g(ω)} is μ-null, then g is
measurable.

Proof Consider the difference d(ω) = g(ω)− f(ω). It is 0 except on a
null set, so {ω : d(ω) > a} is a null set if a ≥ 0, and its complement is
a null set if a < 0. Both sets are measurable and hence d is a measurable
function. Thus g = f + d is measurable.

Corollary 3.12 If (fn) is a sequence of measurable functions and
fn(ω) → f(ω) a.e. for ω in E, then f is measurable.

Proof Let A be the μ-null set such that fn(ω) converges for all
ω ∈C =E \ A. Then 1Cfn converges everywhere to g = 1Cf , which
is therefore measurable. But f = g a.e., so f is also measurable.

Exercise 3.13 Let fn be a sequence of measurable functions. Show that
the set E = {ω : fn(ω) converges} is measurable.

Since we are able to adjust a function f at will on a null set without
altering its measurability properties, the following definition is a useful
means of concentrating on the values of f that ‘really matter’ for
integration theory, by identifying its bounds ‘outside null sets’:

Definition 3.14 Suppose f : E → R is measurable. The essential
supremum ess sup f is inf{z : f ≤ z μ-a.e.} and the essential infimum
ess inf is sup{z : f ≥ z μ-a.e.}.
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The following is then straightforward:

Exercise 3.15 (i) Show that if f, g are measurable functions, then
ess sup(f + g) ≤ ess sup f + ess sup g.

(ii) Show that for measurable f , ess sup f ≤ sup f . Show that these
quantities coincide when f is continuous.

Although the class of measurable functions is very large, we can
always approximate any positive measurable function ‘from below’
by simple functions. We call φ : Ω→R simple if its range (i.e. the
set of its values) is finite. As seen in Exercise 3.4, such func-
tions partition Ω as the union of finitely many disjoint sets in F ;
if φ takes the distinct values {a1, . . . , an} and Ai =φ−1({ai})=
{ω ∈ Ω : φ(ω) = ai} for i= 1, 2, . . . , n, then we can represent φ as
φ=

∑n
i=1 ai1Ai

.
The vector space S(F) of simple functions contains the basic

building blocks from which other measurable functions can be built.

Proposition 3.16 Suppose f : Ω → [0,∞) is measurable. Then the
simple functions

sn =
n2n∑
k=1

k − 1
2n

1Ak
+ n1Bn

,

where Ak =
{

k−1
2n ≤ f < k

2n

}
and Bn = {f ≥ n} form an increasing

sequence converging pointwise to f.

Figure 3.1 illustrates this proposition. Use it to provide a formal proof.

Fig. 3.1 Approximation by step functions
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3.4 Random variables and independence

From now on let (Ω,F , P ) be a fixed probability space, andX : Ω → R

a random variable. Recall that the σ-field generated by X is given by
σ(X) = {X−1(B) : B ∈ B}.

In Exercise 3.4 we examined a number of special cases. This showed
that what matters is ‘how many distinct values’ X takes, rather than
what these values are. Note also that if G is any σ-field, then X is
G-measurable iff σ(X) ⊂ G.

We can similarly define the σ-field generated by a sequence,
or indeed any family (Xα)α∈Λ, of random variables. Denote by
σ((Xα)α∈Λ) the smallest σ-field containing the family

(
X−1

α (B) :
α ∈ Λ, B ∈ B). A family of random variables indexed by some index
set Λ is called a stochastic process. The main examples are when Λ = N

or Λ = [0,∞). We usually think of the index set as representing ‘time’.
In the first case we call the sequence (Xn)n≥1 a discrete-time process,
in the second, (Xt)t≥0 is a continuous-time process. Stochastic pro-
cesses are used to model the dynamic behaviour of random phenomena.
We examine several key processes in later chapters.

Recall the definition of the distribution (or law) of a random vari-
able X : Ω → R : this is the probability measure PX on (R,B)
defined by PX(B) = P (X−1(B)) = P (X ∈ B) for all B ∈ B. In
Exercise 2.10 we showed that this defines a probability measure on R.

We saw that PX is determined by the (cumulative) distribution function
FX : R → [0, 1] given by FX(x) = PX((−∞, x]) = P (X ≤ x).

Its elementary properties were discussed in Exercise 2.12.

Definition 3.17 We say that two random variables X,Y are identically
distributed if FX = FY (this is of course equivalent to PX = PY ).

Write X
d=Y for this.

Thus, in applications, we often do not specify the probability space
on which X is defined: we prove results about particular distribution
functions, and these then apply to any random variable with this distri-

bution. X and Y need not have any values in common if X
d=Y ; all

that matters is that the probabilities of them being no greater than x

should be equal for all real x. Clearly, however, if X(ω) = Y (ω) for
almost all ω ∈ Ω, i.e. if {ω ∈ Ω : X(ω) �= Y (ω)} is P -null, then

X
d=Y.
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We can extend the definitions to random vectors: for a finite number
of random variables, let X = (X1,X2, . . . , Xn) be a measurable func-
tion from Ω to Rn, then the distribution of X (also called its law) is the
probability PX on (Rn,B(Rn)) defined by PX(B) = P (X ∈ B) for
B in B(Rn), and the joint distribution of (X1, . . . , Xn) is then simply
the distribution function FX : Rn → [0, 1] given by

FX(x1, . . . , xn) = P (X1 ≤ x1, . . . , Xn ≤ xn).

We come to the key concept of independence of random variables:

Definition 3.18 Random variables X1,X2, . . . , Xn are independent if
for every choice of Borel sets B1, B2, . . . , Bn

P (X1 ∈ B1,X2 ∈ B2, . . . , Xn ∈ Bn) =
n∏

i=1

P (Xi ∈ Bi).

Any family of random variables is independent iff every finite subset is
independent.

If the random variables are independent and all have the same distri-
bution, then we call them an independent and identically distributed
(i.i.d.) family. An example is given by the Bernoulli random vari-
ables making up our random walk in Section 1. Both this definition
and independence of events (Definition 1.22) are special cases of the
following:

Definition 3.19 Sub-σ-fields (Fk)k of F are independent if for all
choices of distinct indices {i1, . . . , in} and Fik

in Fik
(k ≤ n) we

have P (∩n
k=1Fik

) =
n∏

k=1

P (Fik
).

By a sub-σ-field we mean a σ-field G ⊂ F , which contains Ω. We now
show that Definitions 3.19 and 1.22 are equivalent to the following (we
go from the general to the particular here!):
(i) Random variables (Xk)k≥1 are independent iff their generated
σ-fields (σ(Xk))k≥1 are independent.
(ii) Events (Fk)k≥1 in F are independent iff the σ-fields (Fk)k≥1 are
independent, where Fk = {∅, FkF

c
k ,Ω} .

These definitions ensure that events (Fk)k≥1 are independent iff their
indicators (1Fk

)k≥1 are independent. To see that they are equivalent to
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the earlier versions, we again use π-systems to simplify matters – we
can restrict attention to the case n = 2, as induction would do the rest:

Lemma 3.20 Suppose the sub-σ-fields F1,F2 in F are generated by
π-systems C1, C2. Then F1 and F2 are independent iff

P (C1 ∩ C2) = P (C1)P (C2)

for all choices of C1 in C1 and C2 in C2.

Proof If P (C1 ∩ C2)=P (C1)P (C2) for fixed C1 in C1, the non-
negative finite set functionsC2 �→P (C1 ∩C2) andC2 →P (C1)P (C2),
defined on (Ω,F2), are clearly countably additive and both equal P (C1)
if C2 = Ω. Thus they are measures that agree on the π-system C2,

hence by Theorem 2.9 they agree on σ(C2) = F2. This means that
P (C1 ∩ F2) = P (C1)P (F2) for all F2 in F2. Repeating the above
argument with fixed F2, we see that the measures agree on σ(C1) = F1,

so that P (F1 ∩ F2) = P (F1)P (F2) for all F1 ∈ F1, F2 ∈ F2, hence
the σ-fields are independent.

For any random variable X , π(X) = ({ω ∈ Ω : X(ω) ≤ x})x∈R is
a π-system, so if X,Y are independent in the above sense, then π(X)
and π(Y ) are independent, hence so are σ(X) and σ(Y ). This proves
(i), and (ii) follows at once. Induction on n provides the proof for the
general case.

The main result we need is that random variables are independent iff
their joint distribution function is the product of their individual distri-
bution functions – in other words, we need only check Definition 3.18
for intervals Bi = (−∞, xi), i ≤ n.

Theorem 3.21 X1,X2, . . . , Xn are independent iff, for the random
vector X = (X1,X2, . . . , Xn), the joint distribution function satisfies

FX(x1, . . . , xn) =
n∏

i=1

FXi
(xi) for all (x1, . . . , xn) ∈ Rn.

Proof The necessity is clear, as intervals are Borel sets. For the suffi-
ciency, let C1 be the family of Borel sets B1 ∈ B such that for all real
x2, x3, . . . , xn we have
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P (X1 ∈ B1,Xi ≤ xi, i = 2, . . . , n) = P (X1 ∈ B1)
n∏

i=2

FXi
(xi).

Then C1 contains every interval of the form (−∞, x] so it contains the
π-system that generates B. If we can show that C1 is a d-system, the
Monotone Class Theorem implies that our identity holds for all Borel
sets B1 on the line.

Assume for a moment that this has been done. We can then iterate the
procedure for each index: for example, we let C2 be the class of Borel
sets B2 for which

P (X1 ∈ B1,X2 ∈ B2,Xi ≤ xi, i = 3, . . . , n)

= P (X1 ∈ B1)P (X2 ∈ B2)
n∏

i=3

FXi
(xi)

for all B1 ∈ B and choices x3, . . . , xn in R. This class again contains
all intervals of the form (−∞, x] and will be a d-system just like C1.

This will complete the proof after n steps.
So it remains to show that C1 is a d-system. This is entirely routine

and is left as an exercise.

Examples of the basic discrete probability distributions were given
earlier. At the other extreme are the absolutely continuous distributions:
then

P (X ≤ x) = FX(x) =
∫ x

−∞
fX(t)dt

for some positive function fX (the density of X).
In the examples below, fX is piecewise continuous, therefore the

Riemann-integral is well-defined – in general we use the Lebesgue
integral described in Chapter 1 and defined formally in the next chapter.

Example 3.22 Let X be a random variable.
(i) X is uniformly distributed on [a, b] if it has the constant density
fX(x) = 1

b−a1[a,b](x).
(ii) X is normally distributed with parameters μ ∈ R, σ2 > 0 when

fX(x) = 1√
2πσ2 exp

(
− 1

2

(
x−μ

σ

)2)
. We say X ∼ N (μ, σ2). It is eas-

ily checked that fX is a density (fX ≥ 0,
∫∞
−∞ fX(t)dt = 1) and that

X−μ
σ ∼ N (0, 1) (standard normal) iff X ∼ N (μ, σ2).
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(iii) X ≥ 0 is exponentially distributed with parameter λ > 0 if
fX(x) = λe−λx1[0,∞)(x). Just as for geometric distributions, this
describes a ‘waiting time’, in this case the interarrival times of a Poisson
process.

The next example is analogous to the negative binomial distribution.
(iv) X ≥ 0 is gamma distributed with parameters α > 0, λ > 0 if
fX(x) = 1

Γ(α)λ
αe−λxxα−11[0,∞)(x). Here Γ(α) =

∫∞
0
yα−1e−ydy

is the gamma function. Note that Γ(1) = 1, so (iii) is the special case
α = 1. The chi-squared distributions (X ∼ χ2(k)) are the special case
λ = 1

2 , α = k
2 .

The sum of k independent exponentially distributed random variables
with the parameter λ is gamma-distributed, and the sum of the squares
of k independent standard normal random variables is χ2(k).
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Integration and expectation

The abstractly defined integral
∫
Ω
fdμ of a function f : Ω → R,

relative to a measure μ defined on a given measurable space (Ω,F),
follows a pattern first established for the Lebesgue measure m on
(R,B). We begin with indicator functions, extend to simple functions
by linearity, and then by limits to arbitrary positive measurable func-
tions. Since we will allow the value +∞ for the integral, however,
we need a little care when extending further to real-valued measurable
functions. The natural extension is to use Exercise 3.7 (iii): writing
f = f+ − f− we know that f is measurable iff both the positive
functions on the right are measurable. Having defined their integrals
as elements of [0,∞], we must avoid the expression ∞ − ∞ in defin-
ing the integral of f . Thus we restrict attention to functions f where∫
Ω
|f | dμ < ∞. We call this space L1(Ω,F , μ); when the context

is clear, we shorten this to L1(Ω), L1(F) or L1(μ) (depending on
which aspect we wish to emphasise), or even just to L1. We will
show that L1 is a vector space and that the map f →

∫
Ω
fdμ is

linear. Thus we shall also write μ(f) =
∫
Ω
fdμ. For a probability

space (Ω,F , P ) the integral of the random variable X : Ω → R

is called the expectation of X and written E[X] =
∫
Ω
XdP. Note

that sums are a special case of integrals: μ({n}) = 1 for each n

defines a (σ-finite!) measure on (N, 2N) for real (an)n≥1 with
∞∑

n=1
|an| < ∞. In that case the map f : n → an is μ-integrable (see

below), and we set
∫

N
fdμ =

∞∑
n=1

an.

30
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4.1 Integrals of positive measurable functions

Definition 4.1 Fix a σ-finite measure space (Ω,F , μ). For A ∈ F ,
define the μ-integral of its indicator 1A by

μ(1A) =
∫

Ω

1Adμ = μ(A).

For a positive simple function, φ =
n∑

i=1

ai1Ai
, where ai > 0 and

(Ai)i≤n ∈ F are pairwise disjoint; we extend by linearity

μ(φ) =
∫

Ω

φdμ =
n∑

i=1

aiμ(Ai).

Since we allow infinite values, we need to extend arithmetic to [0,∞].
For this, we need only add, for a ∈ [0,∞]

a+ ∞ = ∞ + a = ∞,

a.∞ = ∞ = ∞.a if a > 0, 0.∞ = 0 = ∞.0

to normal arithmetic in order to to remain consistent.

Exercise 4.2 Check that μ(φ) is well-defined, i.e. independent of the
representation of φ.

Example 4.3 For Lebesgue measure m and a real function f , we shall
write the integral as

∫∞
−∞ f(x)m(dx). For example:

(i)
∫

R
1Qdm = 1.m(Q) + 0.m(R\Q) = 0.

(ii) If [x] is the integer part of x, then
∫ 2

0
[x2]m(dx) = 5 −

√
3 −

√
2.

([x2] changes at 1,
√

2,
√

3, 2!).

We write S+(F) for the cone of positive simple functions
and M(F) (resp. M+(F)) for the vector space (resp. cone)
of F-measurable (resp. positive F-measurable) functions. Clearly,
S+(F) ⊂ M+(F).

It is helpful to allow integrals to be taken over arbitrary sets E ∈ F :
simply define

∫
E
fdμ as μ(f1E) =

∫
Ω
f1Edμ. The following basic

facts are now easy to check for S+(F).
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Exercise 4.4 Let φ, ψ ∈ S+(F) and E,F ∈ F be given. Show:
(i) S+(F) is a cone and a lattice, i.e. φ + ψ and cφ are in S+(F) for
c ≥ 0 and φ ∨ ψ = max(φ, ψ), φ ∧ ψ = min(φ, ψ) are in S+(F).
(ii) If φ = ψ a.e.(μ), then

∫
E
φdμ =

∫
E
ψdμ.

(iii) The map φ→
∫

E
φdμ is positive-linear, i.e.∫

E

(φ+ ψ)dμ =
∫

E

φdμ+
∫

E

ψdμ,∫
E

(cφ)dμ = c

∫
E

φdμ for c > 0.

(iv) The map φ→
∫

E
φdμ is monotone, i.e.

ifφ ≤ ψ a.e.(μ), then
∫

E

φdμ ≤
∫

E

ψdμ.

(v) If E ∩ F = ∅, then
∫

E∪F
φdμ =

∫
E
φdμ+

∫
F
φdμ.

We extend the integral to f ∈M+(F).

Definition 4.5 Let

Y (f) =
{∫

Ω

φdμ : φ ∈ S(F) : 0 ≤ φ ≤ f

}
and define

μ(f) =
∫

Ω

fdμ = supY (f).

Exercise 4.6 For φ ∈ S+(F), we now have two definitions of the inte-
gral

∫
Ω
φdμ, since S+(F) ⊂ M+(F). Show that the two definitions

coincide.

For E ∈ F , we write
∫

E
fdμ = μ(f1E). Clearly, we could equally

well define
∫

E
fdμ = μ(f1E) as supY (E, f), where

Y (E, f) =
{∫

E

φdμ : φ ∈ S(F), 0 ≤ φ ≤ f on E

}
.

Elementary properties of the integral, proved in Exercise 4.4 for simple
functions, extend easily to M+(F):

Proposition 4.7 Let f, g ∈ M+(F) and E,F ∈ F be given. Then:
(i) f ≤ g on E implies

∫
E
fdμ ≤

∫
E
gdμ.
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(ii) F ⊂ E implies
∫

F
fdμ ≤

∫
E
fdμ.

(iii) a > 0 implies
∫

E
(af)dμ = a

∫
E
fdμ.

(iv) μ(E) = 0 implies
∫

E
fdμ = 0, and

∫
E
fdμ = 0 implies f = 0

a.e.(μ) on E.
(v) E ∩ F = ∅ implies

∫
E∪F

fdμ =
∫

E
fdμ+

∫
F
fdμ.

Proof (i) and (iii) are obvious. For (ii), note that if φ ∈ S+(F) and
φ ≤ f on F , we can extend it to a simple function ψ ≤ f on E by
setting ψ = 0 on E\F ∈ F . Clearly,

∫
F
φdμ =

∫
E
ψdμ.

To prove (iv), let φ =
n∑

i=1

ai1Ai
∈ S+(F) and φ ≤ f on E. Then

∫
E

φdμ =
n∑

i=1

aiμ(E ∩Ai) = 0,

so that Y (E, f) = {0}. Hence
∫

E
fdμ = 0.

On the other hand, restricting to E, let A = {f > 0} and An ={
f > 1

n

}
for each n ≥ 1. Then An ↑ A. If μ(A) > 0, we can find n

with μ(An) > 0. Now φ = 1
n1An

≤ f , and φ ∈ S+(F), so that

0 =
∫

E

fdμ ≥
∫

E

φdμ =
1
n
μ(An) > 0,

a contradiction. Hence
∫

E
fdμ = 0 implies f = 0 a.e. (μ).

To prove (v), note that by Exercise 4.4 we obtain Y (E ∪ F, f) =
Y (E, f) + Y (F, f) when E and F are disjoint. Taking suprema, we
have ∫

E∪F

fdμ ≤
∫

E

fdμ+
∫

F

fdμ.

For the opposite inequality, take simple functions φ ≤ f on E and
ψ ≤ f on F to construct a simple function θ = φ1E + ψ1F ≤ f on
E ∪ F , so that∫

E

φdμ+
∫

F

ψdμ =
∫

E∪F

θdμ ≤
∫

E∪F

fdμ.

The RHS is an upper bound independent of the choices of φ, ψ. Fix
ψ and take the sup over Y (E, f) then take the sup over Y (F, f) to
conclude that ∫

E∪F

fdμ ≥
∫

E

fdμ+
∫

F

fdμ.
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Example 4.8 On [0, 1] with Lebesgue measure m, define the func-
tion f by setting f = 0 on the Cantor set C and for each k ≥ 1, let
f(x) = k on each of the intervals of length 3−k removed from [0, 1] in

the construction of C. To find
∫ 1

0
f(x)m(dx), we write g =

∞∑
k=1

k1Ak
,

where Ak is the union of the 2k−1 disjoint intervals removed at the
kth stage. We have g = f a.e.(m), so their integrals are equal. To find∫ 1

0
g(x)m(dx), note that for each n ≥ 1, φn =

n∑
k=1

k1Ak
∈ S+(F)

and 0 ≤ φn ≤ g. The integrals
∫ 1

0
φn(x)m(dx) =

n∑
k=1

km(Ak) have

∞∑
k=1

km(Ak) as their supremum, and φn ↑ g pointwise; hence

∫ 1

0

g(x)m(dx) =
∞∑

k=1

km(Ak) =
∞∑

k=1

k2k−13−k

=
1
3

∞∑
k=1

k

(
2
3

)k−1

= 3.

The key property of the integral is its stability under limits, as
Example 4.8 suggests. The first convergence theorems belong in the
space M+(F).

Theorem 4.9 Monotone Convergence Theorem (MCT)
If (fn)n≥1 in M+(F) and fn ↑ f on E ∈ F , then

∫
E
fndμ ↑

∫
E
fdμ.

Proof Note that
∫

E
fdμ is well-defined, since f = limn fn is in

M+(F).

We first prove the theorem for E = Ω. By Proposition 4.7, the
sequence (

∫
Ω
fndμ)n≥1 increases to L = limn

∫
Ω
fndμ ≤

∫
Ω
fdμ.

We need to show that
∫
Ω
fdμ ≤ L. Take c ∈ (0, 1), choose a simple

function φ =
m∑

i=1

ai1Ei
≤ f , and let An = {fn ≥ cφ}. The (An)n

increase with n and have union Ω. For each n ≥ 1∫
Ω

fndμ ≥
∫

An

fndμ ≥ c

∫
An

φdμ = c

m∑
i=1

aiμ(An ∩ Ei).
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As n → ∞, the sum on the right converges to c
m∑

i=1

aiμ(Ei) =

c
∫
Ω
φdμ. So L ≥ c

∫
Ω
φdμ. But c < 1 was arbitrary, so L ≥

∫
Ω
φdμ,

and as φ ≤ f was arbitrary, it follows that L ≥
∫
Ω
fdμ. For gen-

eral E ∈ F , the result follows on applying the above to gn = fn1E ,

g = f1E instead.

Apply this to the partial sums of
∑
n≥1

gn in M+(F):

Corollary 4.10 If gn ∈ M+(F) and
∑
n≥1

gn(ω) converges a.e.(μ) on

E, then
∫

E

( ∞∑
n=1

gn

)
dμ =

∞∑
n=1

∫
E
gndμ.

Example 4.11 The MCT fails without the requirement that (fn) is
increasing. For an example on R, let fn(x) = n1(0, 1

n )(x). Clearly,

fn(x) → 0 for all x, but
∫
fn(x) dx = 1.

Our next Corollary generalises what we proved for indicator functions
in Proposition 1.14 and Exercise 1.15:

Corollary 4.12 (The Fatou Lemmas)

For any sequence (fn) in M+(F) and E ∈ F:

(i)
∫

E
(lim infn fn)dμ ≤ lim infn

∫
E
fndμ.

(ii) If there is g ∈ M+(F) with finite integral and fn ≤ g for all n,
then limn supn

∫
E
fndμ ≤

∫
E

(lim supn fn)dμ.

Proof (i) Let gk = infn≥k fn, then

gk ↑ supk≥1 infn≥k fn = lim infn fn,

and for n ≥ k, fn ≥ gk. So
∫

E
fndμ ≥

∫
E
gkdμ for every n ≥ k.

Hence
∫

E
gkdμ ≤ infn≥k

∫
E
fndμ for each k ≥ 1. Now apply MCT

to (gk), so that ∫
E

(lim infn fn)dμ = limk

∫
E

gkdμ

≤ supk≥1 infn≥k

∫
E

fndμ = lim infn

∫
E

fndμ.
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(ii) Since hn = g − fn is in M+(F) for each n, and the integrals are
finite, we can apply (i) to (hn)n∫

E

gdμ− lim supn

∫
fndμ = lim infn

∫
E

hndμ

≥
∫

E

(lim infn hn)dμ =
∫

E

gdμ−
∫

E

(lim supn fn)dμ.

Example 4.13 It is easy to find examples where these inequalities
are strict: on R let fn = 1(n,n+1], so that fn → 0 pointwise, but∫

R
fndm = 1 for every n.

Remark 4.14 We observed that when μ = P and fn = 1An
, then,

since lim infn 1An
= 1lim infn An

, the Fatou Lemmas reduce to inequal-
ities we found in the proof of Proposition 1.14 and in Exercise 1.15.
Note similarly that, when An ↑ A, the MCT applied to their indi-
cators says that P (An) ↑ P (A), as was shown in Lemma 1.12(ii).
Finally, Corollary 4.10 then reduces to a re-statement of the countable
additivity of P.

Exercise 4.15 Verify that the integral is positive-linear on M+(F):
when a, b ≥ 0 and f, g ∈ M+(F) then for E in F∫

E

(af + bg)dμ = a

∫
E

fdμ+ b

∫
E

gdμ.

(Hint: use the MCT on sequences in S+(F) that approximate f, g from
below, having applied Exercise 4.4 (iii).)

4.2 The vector space L1 of integrable functions

To define the integral for general real-valued functions, we simply
employ the identity f = f+ − f−, recalling that f ∈ M(F) iff both
its positive part f+ and negative part f− belong to M+(F). Thus also
|f | ∈ M+(F), so that

∫
Ω
|f | dμ is well-defined. We now require it to

be finite, in order to avoid situations where both right-hand terms in the
definition below are +∞:
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Definition 4.16 The function f ∈ M(F) is μ-integrable over E in F
if
∫

E
|f | dμ <∞ and its (μ)-integral over E is defined as∫

E

fdμ =
∫

E

f+dμ−
∫

E

f−dμ.

Denote the set of μ-integrable functions E → R by L1(E,FE , μE) or
simply by L1(μ).

Since f ≤ |f | and −f ≤ |f | , we see that∣∣∣∣∫
E

fdμ

∣∣∣∣ ≤ ∫
E

|f | dμ.

Theorem 4.17 L1(μ) is a vector space and the map f →
∫

E
fdμ is

linear on L1.

Proof If a, b ∈ R and f, g ∈ L1, then |af + bg| ≤ |a| |f | + |b| |g|, so
that

∫
E
|af + bg| dμ is finite. Hence L1 is a vector space.

To prove the linearity of the integral, note that by Exercise 4.15 the
integral is positive-linear on M+(F), and consider the difference of
h1, h2 in M+(F): we have

h1 + (h1 − h2)− = (h1 − h2)+ + h2

and both sides are in M+(F), so that we can apply the additivity of the
integral on M+(F) to conclude that∫

E

h1dμ+
∫

E

(h1 − h2)−dμ =
∫

E

(h1 − h2)+dμ+
∫

E

h2dμ.

Rearrange to obtain∫
E

(h1 − h2)dμ =
∫

E

h1dμ−
∫

E

h2dμ.

Now for f, g ∈ L1 we set h1 = f+ + g+, h2 = f− + g−, so that
h1 − h2 = f + g and thus that∫

E

(f + g)dμ =
∫

E

h1dμ−
∫

E

h2dμ =
∫

E

fdμ+
∫

E

gdμ.
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Finally, Exercise 4.15 shows that a
∫

E
fdμ =

∫
E

(af)dμ for a > 0 if
f ∈ L1. For a < 0, we have∫

E

(af)dμ =
∫

E

(af)+dμ−
∫

E

(af)−dμ

=
∫

E

(−a)f−dμ−
∫

E

(−a)f+dμ = a

∫
E

fdμ.

The integral determines the integrand almost everywhere:

Theorem 4.18 Let f, g in L1(Ω,F , μ). If
∫

A
fdμ ≤

∫
A
gdμ for all

A ∈ F , then f ≤ g a.e. (μ). In particular, if
∫

A
fdμ =

∫
A
gdμ for all

A ∈ F , then f = g a.e. (μ).

Proof By additivity of the integral, it is sufficient to show that∫
A
h dμ ≥ 0 for all A ∈ F implies h ≥ 0 and then take h = g − f .

Write A = {h < 0}; then A =
⋃
An, where An =

{
h ≤ − 1

n

}
. By

monotonicity of the integral

0 ≤
∫

An

h dμ ≤
∫

An

(
− 1
n

)
dμ = − 1

n
μ(An).

This can only happen if μ(An) = 0. The sequence of sets An increases
with n, hence μ(A) = 0, and so h ≥ 0 a.e. (μ).

A similar argument shows that if
∫

A
h dμ ≤ 0 for all A, then h ≤ 0

a.e. (μ). This implies the second claim of the theorem: if h = g−f and∫
A
h dμ is both non-negative and non-positive, then h ≥ 0 and h ≤ 0

a.e., thus h = 0 a.e.

We can construct many interesting measures, especially probability
distributions, with the next simple result.

Proposition 4.19 A �→
∫

A
f dμ is a measure if f ≥ 0 is in L1.

Proof Let ν(A) =
∫

A
f dμ. To prove ν(

⋃
iEi) =

∑
i ν(Ei) for pair-

wise disjoint Ei, consider the sequence gn = f1⋃n
i=1 Ei

and note that
(gn) increases to g, where g = f1⋃∞

i=1 Ei
. Now

∫
g dμ = ν (

⋃∞
i=1Ei) ,

and ∫
gn dν =

∫
⋃n

i=1 Ei

fdμ =
n∑

i=1

∫
Ei

fdμ =
n∑

i=1

ν(Ei)
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so the Monotone Convergence Theorem (MCT) completes the proof.

The limit theorem which turns out to be the most useful in practice
states that the integrals converge for an a.e. convergent sequence which
is dominated by an integrable function. Fatou’s Lemma holds the key to
the proof.

Theorem 4.20 Dominated Convergence Theorem (DCT)
Suppose E ∈ F . Let (fn) be a sequence of measurable functions
such that |fn| ≤ g a.e.(μ) on E for all n ≥ 1, where g is inte-
grable over E. If f = limn→∞ fn a.e., then f is integrable over E
and limn→∞

∫
E
|fn − f | dμ = 0.

In particular, limn→∞
∫

E
fn(x) dμ =

∫
E
f dμ.

Proof |fn − f | ≤ 2g and
∫

E
2gdμ < ∞, so the second Fatou Lemma

yields

lim supn→∞

∫
E

|fn − f | dμ ≤
∫

E

lim supn→∞ |fn − f | dμ = 0.

This proves the first claim. The second follows since∣∣∣∣∫
E

fndμ−
∫

E

fdμ

∣∣∣∣ =
∣∣∣∣∫

E

(fn − f)dμ
∣∣∣∣ ≤ ∫

E

|fn − f | dμ.

Example 4.21 Example 4.11 also applies here: for fn = n1[0, 1
n ],

no integrable g can dominate fn. The least upper bound is g(x) =
supn fn(x), g(x) = k on

(
1

k+1 ,
1
k

]
, so

∫
g(x) dm =

∞∑
k=1

k

(
1
k
− 1
k + 1

)
=

∞∑
k=1

1
k + 1

= +∞.

A typical use of the DCT yields the following:

Exercise 4.22 If f : R → R is integrable, define gn = f1[−n,n] and
hn = min(f, n) (both truncate f in some way: the gn vanish outside a
bounded interval, the hn are bounded). Show that

∫
|f − gn|dm → 0,∫

|f − hn|dm→ 0.
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Another very useful consequence of the DCT allows us to integrate
infinite sums:

Theorem 4.23 (Beppo–Levi) Suppose
∑∞

k=1

∫
|fk|dμ ≤ ∞ Then the

series
∑∞

k=1 fk(ω) converges for almost all ω, its sum is integrable,
and

∫ ∑∞
k=1 fkdμ =

∑∞
k=1

∫
fkdμ.

Proof Apply Corollary 4.10 with gk = |fk| to conclude that if
φ(ω) =

∑∞
k=1 |fk(ω)|, then

∫
E
φdμ =

∑∞
k=1

∫
E
|fk|dμ is finite.

Thus φ is a.e.(μ) finite-valued, and so the series
∑

k≥1 fk converges
absolutely (and therefore converges) a.e.(μ). Denote the sum by f(ω)
wherever the series converges, and put f(ω) = 0 otherwise.

The partial sums (
∑n

k=1 fk)n are bounded by the integrable function
φ, so the DCT applies and we have∫

E

fdμ = limn

∫
E

(
n∑

k=1

fk

)
dμ = limn

n∑
k=1

∫
E

fkdμ,

which proves the theorem.

4.3 Riemann v. Lebesgue integrals

To calculate the Lebesgue integral
∫
[a,b]

fdm of the real function

f : [a, b] → R we must relate it to the Riemann integral
∫ b

a
f(x)dx

familiar from calculus. There are many Lebegue-integrable functions –
i.e. elements of the vector space L1(R,L,m) – that are not Riemann-
integrable. To begin with, Riemann integrals are computed over inter-
vals and deal only with bounded functions (for unbounded functions
we seek ‘improper’ integrals by means of a second limit procedure).
Lebesgue integrals can be found over any Borel set and can handle many
unbounded functions. But even for bounded functions on intervals, the
Lebesgue integral has wider scope. As we show below, a bounded
function f : [a, b] → R is Riemann-integrable iff it is a.e.(m) con-
tinuous. However, f = 1Q∩[0,1], is nowhere continuous, but is clearly
in L1([0, 1]), with integral m(Q) = 0.

Nonetheless, we need the ’recipe’ provided by the Fundamental The-
orem of Calculus to calculate actual integrals for many real functions.
To use it, we need to know that the Lebesgue and Riemann integrals of
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a function f coincide whenever they both exist. But this follows from
the fact that for any partition P of [a, b] the upper (UP) and lower (LP)
Riemann sums are just the integrals of simple functions uP resp. lP : let
P divide [a, b] into n subintervals [ai−1, ai], write Δi = ai − ai−1 and

Mi = supai−1≤x≤ai
f(x), then uP =

n∑
i=1

Mi1[ai−1,ai] provides UP =
n∑

i=1

MiΔi =
∫
[a,b]

uPdm, and similarly for the lower sums. Hence for

any refining sequence (Pn) of partitions (i.e. where Pn ⊂ Pn+1 for
each n) with mesh ρ(n) = maxi≤n Δi → 0, we obtain lPn

≤ f ≤ uPn
.

Thus on the measure space ([a, b],L[a, b],m) – i.e., with Lebesgue mea-
sure restricted to the Lebesgue-measurable subsets of [a, b]− we have
a monotone decreasing sequence (uPn

)n with u = infn uPn
≥ f and

a monotone increasing sequence (lPn
)n with l = supn lPn

≤ f. Both
u and l are pointwise limits of their respective sequences, and all the
functions in question are bounded by M = supx∈[a,b] f(x), which
is in L1([a, b]). So by the DCT we have limn UPn

=
∫
[a,b]

udm and

limn LPn
=
∫
[a,b]

ldm and the limit functions u, l are in L1([a, b]).

Exercise 4.24 Prove that if x is not an endpoint of a partition inter-
val (this excludes countably many points), then f is continuous at x iff
u(x) = f(x) = l(x).

Now if f is Riemann-integrable, we have
∫
[a,b]

udm =
∫
[a,b]

ldm and

then
∫ b

a
f(x)dx is their common value. But l ≤ f ≤ u so

∫
[a,b]

fdm

also equals this common value, hence u = f = l a.e.(m). Thus f is
continuous a.e. (m) by the above Exercise. Conversely, if f is a.e.(m)
continuous on [a, b], then u = f = l a.e.(m) and since u is measurable,
so is f (this holds asm is a complete measure), and f is bounded, hence
in L1([a, b]). For the Lebesgue integrals, we have∫

[a,b]

ldm =
∫

[a,b]

fdm =
∫

[a,b]

udm.

The outer two are limits of Riemann sums, so f is also Riemann-
integrable. To summarise: f is Riemann-integrable iff it is a.e.(m)
continuous. In this event, its Riemann and Lebesgue integrals are equal.

Exercise 4.25 The Dirichlet function f : [0, 1] → [0, 1] has f(x) = 1
n

whenever x = m
n for some m ≤ n in N, and is 0 otherwise. Show that
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f is continuous at each irrational point, hence Riemann-integrable. (The
last claim also follows from Riemann’s integrability criterion, i.e. for all
ε > 0 we can find a partition whose upper and lower sums are less than
ε apart. Try proving this directly!)

Exercise 4.26

(i) Use the DCT to show that limn→∞
∫∞

a
n2x exp(−n2x2)

1+x2 dx = 0 when
a > 0. What is this limit when a = 0?

(ii) Use the Beppo-Levi Theorem to calculate
∫ 1

0

(
log x
1−x

)2

dx. (Hint:

recall that
∑∞

n=1
1

n2 = π2

6 .)

4.4 Product measures

We briefly consider the construction of product measures and integrals
with respect to these. The first step is trivial: given two measurable
spaces (Ωi,Fi), i = 1, 2, define the product σ-field F = F1 × F2

on the Cartesian product Ω = Ω1 × Ω2 as σ(R) where R =
{F1 × F2 : Fi ∈ Fi, i = 1, 2}. (Think of sets in R as ‘rectan-
gles’ by analogy with R2 = R × R and Lebesgue measure!) As
F1 × F2 = (F1 × Ω2) ∩ (Ω1 × F2), we can generate F from the
class of ‘cylinders’ of the form {F1 × Ω2 : F1 ∈ F1} together with
{Ω1 × F2 : F2 ∈ F2}. Hence F is the smallest σ-field for which the
two projection maps ρi : Ω1 × Ω2 �→ Ωi, given by ρi(ω1, ω2) = ωi

(i = 1, 2) are measurable. We have ρ−1
1 (F1) = F1 × Ω2 and similarly

for ρ2.

Now R is clearly a π-system, and to extend results from rectangles
to arbitrary sets in F we need a version of Theorem 2.8. Since we
wish to integrate functions, we look to extend results that hold for indi-
cators to general (bounded) measurable functions, so it will be useful to
have this result in ‘functional’ form:

Theorem 4.27 (Monotone Class Theorem) Suppose H is a vector space
of bounded functions Ω → R with 1 ∈ H and such that if (fn)n are
non-negative elements of H such that f = supn fn is bounded, then
f ∈ H. If H contains all indicators of sets in a π-system C, then H
contains all bounded σ(C)-measurable functions.
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Proof The collection D = {A ⊂ Ω : 1A ∈ H} is a d-system (because
of the properties of H) and contains C, hence also contains σ(C). Given
a σ(C)-measurable function f with 0 ≤ f(ω) ≤ K for all ω ∈ Ω
and some integer K, approximate f from below by simple functions
φn(ω) =

∑K2n

i=1
i

2n 1Fn,i
where Fn,i =

{
i−1
2n ≤ f < i

2n

}
for each n.

(Compare with Proposition 3.16.) Each Fn,i ∈ σ(C), hence 1Fn,i
, and

therefore each φn, is in H. But then so is f = supn φn. For general
bounded σ(C)-measurable f , apply this separately to f+ and f−.

Corollary 4.28 Let H be class of bounded F-measurable
functions f : Ω1 × Ω2 �→ R such that the map ω1 �→ f(ω1, ω2) (resp.
ω2 �→ f(ω1, ω2)) is F2- (resp. F1)-measurable for each ω2 ∈ Ω2 (resp.
ω1 ∈ Ω1). Then H contains every bounded F-measurable function.

Proof Apply the above Monotone Class Theorem to the π-system R
of rectangles. For F = F1 × F2 ∈ R, we have 1F ∈ H and the condi-
tions of the theorem are easily checked. Since F = σ(C), the Corollary
follows.

Now suppose that (Ωi,Fi, Pi), (i = 1, 2) are probability spaces. We
wish to define the product measure P = P1 × P2 on (Ω,F) such that
P (A1×A2) = P (A1)P (A2) forAi ∈ Fi, i = 1, 2.With the Monotone
Class Theorem to hand, it is convenient to construct P directly via inte-
grals relative to P1 and P2: with f ∈ H as in the Corollary (i.e. the class
of bounded F-measurable functions on Ω) we can form the integrals
If
1 (ω1) =

∫
Ω2
f(ω1, ω2P2(dω2), and If

2 (ω2) =
∫
Ω1
f(ω1, ω2P1(dω1)

and another monotone class argument shows that If
i is Fi-measurable

(i = 1, 2) and
∫
Ω1
If
1 dP1 =

∫
Ω2
If
2 dP2. This allows us to define

P = P1 × P2 for F ∈ F as the common value of these integrals when
f = 1F (which clearly belongs to H):

Theorem 4.29 (Fubini) The map P : F → [0, 1] defined for F ∈ F by

P (F ) =
∫

Ω1

I1F
1 dP1 =

∫
Ω2

I1F
2 dP2

is the unique probability measure on (Ω,F) such that for Ai in Fi

(i = 1, 2), P (A1 × A2) = P (A1)P (A2). For every non-negative F-
measurable function f : Ω → R, we have
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Ω

fdP =
∫

Ω1

[∫
Ω2

f(ω1, ω2)P2(dω2)
]
P1(dω1)

=
∫

Ω2

[∫
Ω1

f(ω1, ω2)P1(dω1)
]
P2(dω2).

The same holds if f is F-measurable and
∫
Ω
|f |dP <∞.

Proof Linearity and monotone convergence ensure that P is a measure.
This is clearly a probability on Ω. For a rectangle F = A1 × A2, we
have

P (F ) =
∫

Ω1

(∫
Ω2

1A1×A2dP2

)
dP1

=
∫

A1

P (A2)dP1 = P (A1)P (A2).

Hence the iterated integrals are equal when f = 1A1×A2 . Again
using the Monotone Class Theorem it follows that they are equal for
all bounded F-measurable f. This includes non-negative simple func-
tions, and by the MCT also their increasing limits. Finally, if |f | is
P -integrable, we apply this separately to f+, f−. If another probabil-
ity measure Q agrees with P on the π-system R of rectangles, then
they agree on σ(R) = F . So P is the unique measure satisfying the
requirement P (A1 ×A2) = P (A1)P (A2).

The product measure space is now written as

(Ω,F , P )=(Ω1,F1, P1) × (Ω2,F2, P2).

The extension of this construction to n factors is clear. We may sim-
ilarly define products of a sequence of probability spaces; however,
when there are uncountably many factors things become markedly more
complicated, as we shall see in Chapter 7.

4.5 Calculating expectations

When (Ω,F , P ) is a probability space, the integral
∫
Ω
XdP of a ran-

dom variable X : Ω → R is its expectation, denoted by E[X]. The map
X �→ E(X) is linear, monotone and preserves constants (E[X] = c

if X(ω) = c is constant). It is continuous under the restrictions given
in the MCT and DCT. Note that P (A) = E[1A] for A in F and that
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A
XdP = E[X1A]. Moreover, Proposition 1.14, which showed that

An → A implies P (An) → P (A), is now a special case of the
DCT, applied to 1AN

→ 1A, since the (1An
)n are bounded by the

(integrable!) constant function 1 = 1Ω.

The distribution function FX of X relates the abstract integral∫
Ω
XdP to an integral on the line, and more generally:

Theorem 4.30 If X : Ω → R is a random variable and g a real Borel
function, then the random variable Y = g(X) has expectation

E[Y ] =
∫

R

g(x)dFX(x)

provided at least one of these quantities is finite. In particular,
Y ∈ L1(Ω) iff

∫
R
|g(x)|dFX(x) <∞.

Proof If g = 1B for B in B(R), both sides of the equation are
P (X−1(B)) = P (X ∈ B). By linearity, they remain equal for any
simple real function g, and since any positive Borel function g can
be approximated from below by simple functions gn ↑ g , and thus
gn(X) ↑ g(X), the MCT (applied in (Ω,F , P ) and then in (R,B, PX),
where

∫
R
g(x)dFX(x) =

∫
R
gdPX ), ensures that

E[g(X)] = limn E[gn(X)] = limn

∫
R

gn(x)dFX(x)

=
∫

R

g(x)dFX(x).

For arbitrary Borel functions g, apply the above to g+, g− separately
and subtract to conclude the proof.

In particular, we have E[g(X)] =
∫

R
g(x)fX(x)dm(x) if FX(t) =∫ t

−∞ fX(u)dm(u) is an absolutely continuous distribution function (so
that X has density fX ), and, at the other extreme

E[g(X)] =
∑

i

g(ti)pi

when X is discrete, with pi = P (X = ti), i ≥ 1.

Example 4.31 With g(x) = x, we obtain the mean of X,

E[X] =
∫

R
xdFX(x), and similarly for the kth moment: E[Xk] =
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R
xkdFX(x). The variance of X is the second moment of the centred

random variable (X − E[X]), i.e.

V ar(X) = E[(X − E[X])2] =
∫

R

(x− E[X])2dFX(x),

and the standard deviation of X , σX =
√
V ar(X), measures the

dispersion of X about its mean.

Recall, from Example 3.22(ii), the normal distribution: we say that
X ∼ N (μ, σ2) if it has the density

fX(x) =
1√

2πσ2
exp

(
−1

2

[
x− μ

σ

]2
)
.

In this case, the distribution FX is determined by the parameters μ, σ,
and it is routine to check that μ is the mean and σ2 the variance of X.
You may similarly compute the mean and variance of the other random
variables described in Examples 1.5 and 3.22.

The next proposition compares the densities of X and Y when Y =
g(X) for a wide class of functions:

Proposition 4.32 If g : R → R is increasing and differentiable (thus
invertible), then

fg(X)(y) = fX(g−1(y))
d
dy
g−1(y).

A similar result holds if g is decreasing.

Proof Consider the distribution function

Fg(X)(y) = P (g(X) ≤ y) = P (X ≤ g−1(y)) = FX(g−1(y)).

Differentiate with respect to y to get the result. When g is decreasing
the RHS is multiplied by (−1).

Example 4.33 If X is standard normal (i.e. with mean 0 and variance
1), then Y = μ + σX is Y ∼ N (μ, σ2). This follows at once: with
g−1(y) = y−μ

σ , the derivative is 1
σ . Similarly, when g(x) = ex we

obtain the log-normal distribution, which is widely used in financial
applications.
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Exercise 4.34 The random variable X measures the distance from
points in the unit square [0, 1]2 to the nearest edge. Find its distribution
and expectation.

The following two inequalities involving E[g(X)] for different classes
of real functions g have applications in many varied settings. For the
first, recall that a real function g, defined on a open interval I , is con-
vex on I if its graph lies below any of its chords, i.e. for all x, y in I
g(cx+ (1 − c)y) ≤ cg(x) + (1 − c)g(y) whenever 0 ≤ c ≤ 1.

Proposition 4.35 (Jensen’s inequality) If g is convex and X and g(X)
are in L1(Ω), then g(E[X]) ≤ E[g(X)].

Proof To prove this, note that for convex g the tangent to a point of its
graph lies below the graph. Thus for x < y the slope of the tangent at y
exceeds that of the corresponding chord, i.e. with a = g′(y) (or a one-
sided derivative if necessary) we obtain g(x) ≥ g(y)+ a(x− y). Using
this with y = E[X] and x = X(ω) for ω ∈ Ω and taking expectations
yields Jensen’s inequality.

As g(x) = |x| is convex, we again have |E[X]| ≤ E[|X|].

Proposition 4.36 (Markov’s inequality) If X ≥ 0 and g is positive and
increasing on [0,∞), then for any a > 0

P (X ≥ a) ≤ E[g(X)]
g(a)

.

Proof Now g(X) ≥ g(X)1{X≥a} ≥ g(a)1{X≥a} and we take
expectations.

The inequality provides a quantitative refinement of the obvious fact
that an integrable random variable can only become large with small
probability. In particular, with g(x) = xp for p ≥ 1 and |X| yields

P (|X| > a) ≤ E[|X|p]
ap

.

With p = 2, this is known as Chebychev’s inequality. In particular, if X
has mean μ and variance σ2, we useX−μ, p = 2 and a = kσ to obtain
P (|X − μ| ≥ kσ) ≤ 1

k2 . Thus a random variable with small variance
remains close to its mean with high probability.
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Example 4.37 We close with two further useful formulae for the
calculation of expectations:
(i) If X ∈ L1

+(Ω) – so that X ≥ 0 a.e.(P ) – then with m = m[0,∞) as
the Lebesgue measure restricted to [0,∞)

E[X] =
∫ ∞

0

P (X ≥ x)dm(x) =
∫ ∞

0

[1 − FX(x)]dm(x).

(ii) E[X] =
∑∞

=1 nP (X = n) =
∑∞

n=1 P (X ≥ n) for X : Ω → N.

To prove (i), use Fubini’s Theorem on the product measure space
(Ω × [0,∞),F × B[0,∞) P × m) and consider F = {(ω, x) : 0 ≤
x ≤ X(ω)} – this is just the region in the product space ‘lying under
the graph’ of X. We have

I1F
1 (ω) =

∫ ∞

0

1F (ω, x)dm(x) = X(ω),

while

I1F
2 (x) =

∫
Ω

1F (ω, x)P (dω) = P (X ≥ x).

By Fubini

E[X] =
∫

Ω

I1F
1 dP =

∫ ∞

0

I1F
2 (x)dm(x)

=
∫ ∞

0

P (X ≥ x)dm(x).

For the final identity, note that FX is monotone, and hence has only
countably many discontinuities, so that P (X = x) > 0 at only count-
ably many x ≥ 0, i.e. P (X ≥ x) = P (X > x) a.s. (m). For (ii),
simply consider FX on each [n− 1, n].
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Lp-spaces and conditional expectation

Let (Ω,F , P ) be a probability space and X a random variable (we
restrict attention to this situation from now on). We adopt a slightly
different point of view and examine X as a point in a normed vector
space of functions. To do this, we shall need to identify (i.e. treat as the
same) functions which are equal a.s.(P ), since the integral cannot dis-
tinguish between them. We then examine the inner product structure of
the space of square-integrable random variables, which will enable us
to generalise the idea of the conditional expectation of X: for B ∈ F
with P (B) > 0 this is defined by E[X|B] = 1

P (B)

∫
Ω
XdP. However,

in trying to define E[X|Y ], where Y is another random variable, we hit
a problem: the events (Y = c) need not have positive probability for
any real c (e.g. when Y has a density). We develop a different, more
general, approach to resolve the matter.

5.1 Lp as a Banach space

For any p ≥ 1, define Lp(Ω) = {X : Ω → R : E[|X|p] < ∞}. We use
the map ||·||p : X → (E[|X|p])1/p to define a norm. To achieve this,
we must identify random variables that are equal a.s. (P ), as ||X −
Y ||p = 0 iff X = Y a.s.(P ). Now define X ∼ Y iff X = Y

a.s.(P ): this is an equivalence relation on Lp(Ω) and we denote the
quotient space Lp(Ω)/ ∼ by Lp(Ω). We call representatives of the
same class versions of each other, and continue to write X,Y for mem-
bers of Lp(Ω), i.e. we identify an equivalence class with any of its
representatives.

To see that (Lp(Ω), ||·||) is a normed vector space, note first that if
X,Y are random variables, then so are X + Y, cX for real c. Since

49
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|cX|p = |c|p |X|p and |X + Y |p ≤ 2p max{|X|p , |Y |p}, it follows
that Lp(Ω) is a vector space and ||cX||p = |c| |X||p . Now ||X||p = 0
iff X = 0 (as an element of Lp(Ω)!). So all that remains is to prove the
triangle inequality for this norm.

First, we need an important consequence of Jensen’s inequality:

Proposition 5.1 (Hölder inequality) Let p > 1, 1
p + 1

q = 1. If
X ∈Lp(Ω) and Y ∈ Lq(Ω), then XY ∈ L1(Ω) and

|E[XY ]| ≤ ||XY ||1 ≤ ||X||p ||Y ||q .

Proof We may assume without loss that X,Y are non-negative and
||X||p > 0. From Jensen’s inequality applied to the convex function
x→ xq, we obtain for any W ∈ Lq(Ω,F , Q)(∫

Ω

WdQ

)q

≤
∫

Ω

W qdQ.

Define a new probability Q on F by

Q(A) =
1

||X||pp

∫
A

XpdP (informally: XpdP = ||X||pp dQ).

Now let Z(ω) = Y (ω)

X(ω)p−1 on A = {ω : X(ω) > 0} and 0 on Ω\A,

so that on A, Y = ZXp−1 and Zq = Y q

Xp since p + q = pq. Thus∫
Ω
ZqdQ = 1

||X||pp
∫

A
Y qdQ is finite. Now use the above inequality

with W = ||X||pp Z1A ∈ Lq(Ω,F , Q)∫
Ω

(XY )dP =
∫

A

XpZdP =
∫

Ω

WdQ ≤
[∫

Ω

W qdQ

]1/q

=

[∫
Ω

||Xp||pq
p

(
Y q

Xp

)
1A

Xp

||X||pp
dP

]1/q

= ||X||p
[∫

Ω

Y q1AdP

]1/q

≤ ||X||p ||Y ||q .

A familiar special case occurs when p = q = 2.

Corollary 5.2 (Schwarz inequality) When X,Y ∈ L2(Ω), then
XY ∈L1 (Ω) and |E[XY ]| ≤ ||XY ||1 ≤ ||X||2 ||Y ||2 .
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We can now prove the triangle inequality for the norm X → ||X||p on
Lp whenever p ≥ 1.

Corollary 5.3 (Minkowski’s inequality) If p ≥ 1 and X,Y ∈ Lp(Ω),
then ||X + Y ||p ≤ ||X||p + ||Y ||p .

Proof The case p = 1 is trivial, so assume p > 1. Now

|X + Y |p ≤ |X| |X + Y |p−1 + |Y | |X + Y |p−1

and with 1
p + 1

q = 1 we have |X + Y |(p−1)q = |X + Y |p, so that

|X + Y |p−1 ∈ Lq. Apply Hölder’s inequality to each product∫
Ω

|X| |X + Y |p−1
dP ≤ ||X||p C,

where C = [
∫
Ω
(|X + Y |p−1)qdP ]1/q = ||X + Y ||p/q

p , and the same
remains true with X,Y interchanged. Hence

||X + Y ||pp ≤ C(||X||p + ||Y ||p).

Dividing both sides by C completes the proof, as p− p
q = 1.

Remark 5.4 Note that the above proofs do not use the finiteness of
P : the Jensen inequality was used for Q, which is a probability by its
definition. Thus the above inequalities are valid for any measure space.
For our next result, however, the finiteness of P is essential.

Proposition 5.5 The Lp-norm is monotone in p when P (Ω) is finite:
when 1 ≤ p ≤ q < ∞, then Lq ⊂ Lp and for any X ∈ Lq we have
||X||p ≤ ||X||q .

Proof We use the Hölder inequality, which holds for r > 1 and
1
r + 1

s = 1 to yield E[|Y Z|] ≤ (E[|Y |r])1/r(E[|Z|s])1/s. In particular,
for Z = 1 (constant, hence integrable, as P (Ω) is finite!) this reads:
E[|Y |] ≤ (E[|Y |r])1/r. Now, for 1 ≤ p ≤ q < ∞ set r = q

p and let

Y = |X|p . We obtain E[|X|p] ≤ (E[|X|pr])1/r) = (E[|X|q])p/q and
taking pth roots on both sides gives the result.

Exercise 5.6 Use the Jensen inequality, with g(x) = xq/p , to prove
this inequality directly.
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Example 5.7 Proposition 5.5 shows in particular that if the random
variable has finite kth moment (E[|X|k] < ∞), then for all n < k the
nth moment is also finite; while if the kth moment is infinite, so are all
higher moments.

Remark 5.8 The vector space L∞(Ω) of essentially bounded ran-
dom variables (see Definition 3.14) – where we again identify
random variables that are equal a.s.(P ) – has the norm ||X||∞ =
ess supω∈Ω |X(ω)| (check that it is a norm!). The (much simpler) proof
for the case p = ∞ is left for you.

Remark 5.9 The vector space of all (a.s. finite) random variables
X : Ω→R is sometimes denoted by L0(F) and if we again identify
X and Y when X = Y a.s.(P ), we obtain the complete metric space
L0(F) via the metric d(X,Y ) =

∫
Ω

min(1, |X − Y |)dP. The metric is
not, however, induced by a norm on this space.

Recall that a normed space (E, ||·||) is complete (alternatively, is a
Banach space) if every Cauchy sequence in E converges to an ele-
ment of E, i.e. ||xm − xn|| → 0 when m,n → ∞ implies that
||xn − x|| → 0 for some x ∈ E as n → ∞. The Lp-spaces provide
important examples of Banach spaces; again we state the result for any
E in F :

Theorem 5.10 The normed vector space Lp(E) is complete for
1 ≤ p ≤ ∞.

Proof (Sketch) For a Cauchy sequence Xn, find a subsequence Xnk

with ‖Xkn+1 − Xkn
‖p < 1

2k for all n ≥ 1 and note that by
Proposition 5.5

E[|Xkn+1 −Xkn
|] ≤

∣∣∣∣Xkn+1 −Xkn

∣∣∣∣
p
<

1
2n

for each n. Hence E
[∑∞

n=1 |Xkn+1 −Xkn
|
]

is finite, so the series∑
n(Xkn+1 −Xkn

) converges absolutely, so that the sequence (Xkn
)n

converges a.s.(P ). Let X = lim supnXkn
, which is measurable, and

take r > kn. For all m ≥ n, E[|Xr − Xkm
|p] ≤ 1

2pn , and as m ↑ ∞
Fatou’s Lemma yields E[|Xr −X|p] ≤ 1

2pn . Thus (Xr −X) and X are
in Lp and ||Xr −X||p → 0 as r → ∞.
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Exercise 5.11 Show that the space L∞(E) is complete with the norm
||X||∞ = ess supω∈Ω |X(ω)|.

For later reference, we derive a useful consequence of Hölder’s inequal-
ity, coupled with Fubini’s Theorem:

Proposition 5.12 Suppose p > 1, 1
p + 1

q = 1, and X,Y are non-
negative random variables with Y ∈ Lp(Ω), and

λP (X ≥ λ) ≤
∫
{X≥λ}

Y dP

for all λ ≥ 0. Then X ∈ Lp and ||X||p ≤ q ||Y ||p .

Proof Fix n > 0 and let Xn = X ∧ n. Then Xn is bounded, hence
in Lp. If we have proved our inequality for Y and Xn, the MCT shows
that it also holds for Y and X = limn↑∞Xn. We can thus take X ∈ Lp

without loss.
Since for any z ≥ 0, p

∫
{z≥x} x

p−1dx = p
∫ z

0
xp−1dx = zp, we

have, integrating z = X(ω), over Ω and using Fubini∫
Ω

XpdP =
∫

Ω

p

[∫ X(ω)

0

xp−1dx

]
P (dω)

= p

∫ ∞

0

[∫
Ω

1{X(ω)≥x}P (dω)
]
xp−1dx

= p

∫ ∞

0

xp−1P (X ≥ x)dx.

But xP (X ≥ x) ≤
∫
{X≥x} Y dP by hypothesis, so (using Fubini

again) the RHS is no greater than

p

∫ ∞

0

xp−2

∫
{X≥x}

Y dPdx = p

∫
Ω

Y

∫ ∞

0

xp−21{X≥x}dxdP.

With 1
p + 1

q = 1, p = q(p− 1) the RHS equals

q

∫
Ω

Y (ω)

[∫ X(ω)

0

(p− 1)xp−2dx

]
P (dω) = qE[Y Xp−1].

Since Xp−1 ∈ Lq , Hölder’s inequality now provides that E[Y Xp−1] ≤∣∣∣∣Xp−1
∣∣∣∣

q
||Y ||p . The result follows, as (p − 1)q = p, so that∣∣∣∣Xp−1

∣∣∣∣
q

= (
∫
Ω
XpdP )1/q.
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5.2 Orthogonal projections in L2

When p = 2, the norm X → ||X||2 = (E[X2])1/2 (we omit the modu-
lus asX is real-valued) is given by the inner product (X,Y ) = E[XY ].
First, note that the Schwarz inequality yields XY ∈ L1 if X,Y ∈ L2,

so that the inner product is well-defined. We check that it is an inner
product: it is linear since (aX+bY, Z) = a(X,Z)+b(Y,Z), symmetric
as (Y,X) = (X,Y ) and positive-definite since (X,X) ≥ 0 and = 0
iff X = Y a.s.(P ). Thus by Theorem 5.10, (L2(Ω), (·, ·)) is complete
inner product space, i.e. a Hilbert space.

The covariance of random variables X,Y in L2 with means μX , μY

is the inner product of their centred versions:Cov(X,Y ) = E[XcYc] =
E[XY ]−μXμY . (We write Zc = Z−μZ for any Z.) The variance σ2

X

of X is the special case when Y = X.

If Cov(X,Y ) = 0, we say that X,Y are uncorrelated. This just
expresses the orthogonality of Xc and Yc in L2. For X ,Y we then
have E[XY ] = E[X]E[Y ]. More generally, the correlation coefficient
ρX,Y between non-zero X and Y in L2 is given by ρX,Y = cos θ =
Cov(X,Y )

σXσY
. ρX,Y is therefore the cosine of the angle between X and

Y. By Schwarz, |ρX,Y | ≤ 1. Also |ρX,Y | = 1 iff equality holds in
Schwarz iff the vectors Xc, Yc are linearly dependent (for some real
a, b, P (aXc + bYc = 0) = 1.)

Proposition 5.13 For random variables X1,X2, . . . , Xn in L2(Ω) and
real numbers a1, a2, . . . , an we have

V ar

(
n∑

i=1

aiXi

)
=

n∑
i=1

a2
iV ar(Xi) + 2

∑
i
=j

aiajCov(Xi,Xj).

If the (Xi) are uncorrelated, V ar (
∑n

i=1Xi) =
∑n

i=1 V ar(Xi).

This follows at once from the definitions, and is left as an easy exercise.
Independent random variables are always uncorrelated, as the next

Exercise shows.

Exercise 5.14 Prove carefully that X,Y are independent iff
E[f(X)g(Y )] = E[f(X)]E[g(Y )] for all bounded Borel functions
f, g. (Hint: begin with indicators and use linearity and dominated con-
vergence.) Use this result to show that if X,Y are independent, then
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E[XY ] = E[X]E[Y ]. (Caution! The function f(x) = x is not bounded,
so you need truncation and limit arguments here!)

Remark 5.15 However, uncorrelated random variables need not be
independent. You may check that if X = cos θ and Y = sin θ with θ
uniformly distributed on [0, 2π], then X,Y are uncorrelated but not
independent. On the other hand, normally distributed random variables
are independent iff they are uncorrelated – this follows at once from the
form of the normal density.

Geometrically, the bilinearity of the inner product in L2 has the
following familiar consequences – their easy proofs are left for you!
(i) Pythagoras’ Theorem: If (X,Y ) = 0, then

||X + Y ||22 = ||X||22 + ||Y ||22 .

(ii) Parallelogram Law: For any X,Y in L2

||X + Y ||22 + ||X − Y ||22 = 2
(
||X||22 + ||Y ||22

)
.

Less obvious is that the parallelogram law characterises inner product
norms: if it fails, there is no inner product that can induce the given
norm. We shall not prove this, but note the following exercise:

Exercise 5.16 Show that the parallelogram law fails for the
normed space L1([0, 1],B[0, 1],m). (Hint: Consider the functions
X(x)= 1

2 −x, Y (x) = x− 1
2 .)

A vector subspace H of L2(Ω) is complete if any norm-Cauchy
sequence in H converges to an element of H (we know that it must
converge to some vector in L2, since L2 is complete – the additional
requirement is that the limit is also in H). For such subspaces, there are
well-defined orthogonal projections:

Theorem 5.17 Let X ∈ L2(Ω) and suppose K is a complete subspace
of L2(Ω). Then we can find a unique (a.s.(P )) Y in K such that X −Y

is orthogonal to K, i.e. (X − Y,Z) = 0 for all Z in K).

Proof We shall exhibit Y as the point of K ‘nearest’ to X in that
δK = ||X − Y ||2 = inf{||X − Z||2 : Z ∈ K}.
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First, choose a sequence (Yn) in K such that ||X − Yn||2 → δK .

The parallelogram law, applied to Z = X − 1
2 (Yn + Ym) and W =

1
2 (Yn − Ym), noting that 1

2 (Yn ± Ym) ∈ K, gives

||X − Ym||22 + ||X − Yn||22 = 2
(
||Z||22 + ||W ||22

)
.

Now, as m,n → ∞, both terms on the left and the first on right
converge to δ2K , and hence ||W ||22 → 0. This shows that (Yn)n is
Cauchy, and so converges to a unique element Y of K. Thus we have
||X − Y ||2 = δK and the same holds for any random variable Y ′ with
Y ′ = Y a.s.(P ). Now note that for any real t and Z ∈ K we have
Y +tZ ∈ K, so that ||X − (Y + tZ)||22 ≥ ||X − Y ||22 , and multiplying
out the inner products yields t2||Z||22 ≥ 2t(X − Y,Z). By taking
t > 0 small enough, we see that this can only remain true for all t if
(X − Y,Z) = 0.

Remark 5.18 Pythagoras’ Theorem shows that, conversely, if we have
Y in K with (X − Y ) orthogonal to K, then ||X − Y ||2 = δK . The
details are left to you.

5.3 Properties of conditional expectation

The simple definition of conditional expectation applies to conditioning
on discrete random variables: if Y ∈ L1(Ω) takes values (yi)i≥1 with
Bi = (Y = yi) and P (Bi) > 0 for each i, then these (disjoint)
events partition Ω and for any integrable X we can define the random
variable E[X|Y ] by E[X|Y ](ω) = E[X|Bi] for ω ∈ Bi. Now the par-
tition (Bi)i generates the σ-field σ(Y ) (see Section 3.3) – in fact, any
A∈σ(Y ) is a countable union of sets Bi. But E[X|Y ] is constant on
each Bi, so it is σ(Y )-measurable (i.e. E[X|Y ]−1(B) ∈ σ(Y ) for each
Borel set B in R). For i ≥ 1,

∫
Bi

E[X|Y ]dP =
∫

Bi
E[X|Bi]dP =∫

Bi
XdP. Summing over the i such that Bi ⊂ A we have, for all A in

σ(Y ),
∫

A
E[X|Y ]dP =

∫
A
XdP .

These two properties characterise the conditional expectation
E[X|Y ] when Y is discrete. For general Y , we use them as the
definition:

Definition 5.19 If X ∈ L1(Ω) and Y is any random variable (a version
of), the conditional expectation of X given Y is a σ(Y )-measurable
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random variable E[X|Y ] such that
∫

A
E[X|Y ]dP =

∫
A
XdP for all A

in σ(Y ).

We have not yet shown that such a thing always exists; but if it does, it
must be unique a.s.(P ); in fact:

Lemma 5.20 If G is a sub-σ-field of F and Z is G-measurable with∫
G
ZdP = 0 for all G in G, then Z = 0 a.s.(P ).

Proof For any n ≥ 1, the event Gn =
(
Z ≥ 1

n

)
∈ G is P -null,

since 0 ≤ 1
nP (Gn) ≤

∫
Gn

ZdP = 0. Similarly, for
(
Z ≤ − 1

n

)
, so

that P (Bn) = 1 when Bn =
(
|Z| ≤ 1

n

)
. But Bn ↓ (Z = 0), so

P (Z = 0) = limn P (Bn) = 1.

Hence if X1 = X2 a.s.(P ), so that for all G in σ(Y )

0 =
∫

G

(X1 −X2)dP =
∫

G

(E[X1|Y ] − E[X2|Y ])dP,

then E[X1|Y ] = E[X2|Y ] a.s. (P ).
The lemma shows that what really matters here is σ(Y ) rather than

the values of Y. In fact, what we showed was that if random variables
Y1, Y2 generate the same σ-field (σ(Y1) = σ(Y2)), then E[X|Y1] =
E[X|Y2] for any integrable X. This motivates our final definition:

Definition 5.21 If X ∈ L1(Ω,F , P ) and G is a sub-σ-field of F ,
the conditional expectation of X given G is the G-measurable random
variable E[X|G] such that

∫
G

E[X|G]dP =
∫

G
XdP for all G ∈ G.

For the conditional probability, we have P (F |G) = E[1F |G].
The existence of E[X|G] for any X ∈ L2(F) is now clear – it is the

orthogonal projection XG of X onto the complete subspace L2(G) – to
see that it satisfies our definition, note that XG is G-measurable and that
(X − XG , Z) = 0 for all Z ∈ L2(G). But this says that

∫
G
XdP =∫

G
XGdP for all G in G. So we write E[X|G] for XG from now on.

Remark 5.22 It is possible to extend the construction of E[X|G] to all
X in L1(Ω) by a careful limit argument (see [W], [C-K]), but we shall
take this for granted now and return to it in the next chapter (Theorem
6.36) in a more general setting. Our proof of the uniqueness holds in
L1 also.
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Assuming existence, we derive the main properties of conditional
expectation for integrable random variables.

Proposition 5.23 Suppose X,Y ∈ L1(Ω,F , P ), a, b ∈ R and H ⊂ G
are sub-σ-fields of F . Then we have:
(i) (Linearity) E[(aX + bY )|G] = aE[X|G] + bE[Y |G] (more pre-
cisely: a linear combination of versions of E[X|G] and E[Y |G] is a
version of the conditional expectation of the same linear combination
of X and Y ).
(ii) E[E[X|G]] = E[X] (thus any version of E[X|G] has the same
expectation as X).
(iii) If X is G-measurable, E[X|G] = X a.s.(P ) (more precisely: X is
a version of E[X|G]).
(iv) (Independence) If σ(X) and G are independent, then E[X|G] =
E[X] (i.e. it is a.s. constant).
(v) (Positivity) If X ≥ 0 a.s.(P ), the same holds for any version of
E[X|G].
(vi) (Monotone convergence) IfXn ↑ X in L1

+, then E[Xn|G] ↑ E[X|G]
(both hold a.s.(P ).
(vii) (Tower property) E[(E[X|G])|H] = E[X|H] a.s.(P ).
(viii) (‘Taking out what is known’) If Y is G-measurable and
XY ∈L1(Ω,F , P ), then E[(XY )|G] = Y E[X|G] a.s. (P ).
(ix) (Jensen’s inequality) If g is a convex real function and g(X)∈L1,
then g(E[X|G]) ≤ E[g(X)|G].
(x) The map X → E[X|G] contracts the Lp-norm for each p ≥ 1 :
||E[X|G]||p ≤ ||X||p .

Proof (i)–(iv) follow immediately from the definitions and are left
as exercises. For (v), Gk =

(
E[X|G] < − 1

k

)
is in G, so from

0 ≤
∫

Gk
XdP =

∫
Gk

E[X|G]dP ≤ − 1
kP (Gk) we conclude that

P (E[X|G] < 0) = P (∪kGk) = 0. So any version of E[X|G] is a.s.(P )
non-negative.

For (vi), let Yn be a version of E[Xn|G]. These are non-negative and
increase to E[X|G] a.s.(P ), since (

∫
G
XndP )n is increasing for each G

in G. Take Y = lim supn Yn , which is the G-measurable a.s(P )-limit
of (Yn)n, so that for G in G,

∫
G
XndP =

∫
G
YndP ↑

∫
G
Y dP. But

the LHS (left-hand side) increases to
∫

G
XdP by the MCT, so Y is a

version of E[X|G].
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(vii) is a consequence of the definition:
∫

G
E[X|G]dP =

∫
G
XdP

holds on G hence on H. Now for H ∈ H we have
∫

H
E[X|H]dP =∫

H
XdP, so also

∫
H

E[X|G]dP =
∫

H
E[X|H]dP. In other words, the

H-measurable E[X|H] is a version of E[(E[X|G])|H].
For (viii), we restrict to X ≥ 0 and then use (i) applied to X+−X−.

When Y = 1E and G,E ∈ G, then∫
G

1EE[X|G]dP =
∫

E∩G

XdP =
∫

G

1EXdP.

So 1EE[X|G] is a version of E[(XY )|G]. Linearity and (vi) applied to
a sequence of G-simple functions increasing to Y does the rest.

To prove (ix), we use without proof (see [W]) that a convex func-
tion g is the supremum of a sequence of affine functions, i.e. g(x) =
sup(anx+ bn) for some real sequences (an), (bn). Now for each fixed
n, g(X(ω)) dominates anX(ω)+bn a.s.(P ), and by (v) the same holds
with X replaced by any version Y of E[X|G]. The union of the sets
An where this fails is P -null, so E[g(X)|G] ≥ supn anE[X|G] + bn =
g(E[X|G]) holds a.s. (P ).

(x) follows from (ix) and (i), as the map x → |x|p is convex for
p ≥ 1.

Exercise 5.24 Let Ω = [0, 1] with Lebesgue measure and suppose
X(ω) = ω. If 0 < a < 1, compute E[X|G when G is generated by the
Borel subsets of [0, a].



6

Discrete-time martingales

Fix a probability space (Ω,F , P ). Observation of the values of some
random variable Y : Ω→R is often used to estimate (‘predict’) the
behaviour of some unknown variable X. Examples include economic
data used to estimate future stock prices and weather data used in fore-
casting. At its simplest, prediction involves finding some function f(Y )
which takes us ‘closest’ to X; we call X̂ = f(Y ) an estimator of X.
If X̂ minimises the distance from X in the L2-norm (i.e. ||X − X̂||2
is minimised by X̂ among σ(Y )-measurable random variables), then
statisticians call it the least-mean-square estimator ofX. In other words,
X̂ is the element of L2(σ(Y )) closest to X ∈ L2(F), i.e. the orthogo-
nal projection of X onto this complete subspace. So the best predictor
of X given Y (hence given σ(Y )) is simply the conditional expectation
E[X|σ(Y )].

This suggests, more generally, that we can regard any sub-σ-field G of
F as providing partial information about a random variableX ∈ L1(F)
and that our best estimate of X , given G, is a version of E[X|G], which
was defined in Chapter 5 when X ∈ L2. Theorem 6.36 will complete
the picture for X ∈ L1.

6.1 Discrete filtrations and martingales

If X is itself G-measurable, we have E[X|G] = X a.s.(P ) and our best
estimate is perfect up to P -null sets.

Example 6.1 At the other extreme, suppose that (Yk)k≥1 is a sequence
of independent integrable random variables with E[Yk] = 0 for all k,

60
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and X0 = 0, Xn = Y1 + Y2 + . . . + Yn. We set F0 = {∅,Ω)},
Fn =σ(Y1, Y2, . . . , Yn) for n ≥ 1, so that Fn represents the ‘history’
of the (discrete-time) stochastic process (Yk)k≥1 up to time n. (For
example, the Yk could be daily fluctuations of a stock price that starts at
some known value on day 0.) The best predictor of Xn given Fn−1 is
given for n > 0 by

E[Xn|Fn−1] = E[Xn−1|Fn−1] + E[Yn|Fn−1]

= Xn−1 + E[Yn] = Xn−1 a.s (P ),

as σ(Yn) and Fn−1 are independent, and Xn−1 ∈ L1(Fn−1). Thus our
best estimate of Xn at time (n − 1) is simply the current value Xn−1.

This expresses the intuitive idea that if the Yi are independent, then
we have no better means of predicting future behaviour of their sums
than to work with our current knowledge of Xn−1, i.e. the sums (Xn)
change in a ‘completely random’ manner as n increases.

We capture these ideas in the next definition:

Definition 6.2 (i) An increasing sequence F = (Fn)n≥0 of sub-σ-
fields of F is a filtration. A sequence (Xn)n≥0 of random variables is
adapted to F if for each n, Xn is Fn-measurable. We call (Ω,F ,F, P )
a filtered space.
(ii) An adapted sequence (Xn,Fn)n is an (F, P )-martingale (often
simply a martingale) if each Xn is integrable and

E[Xn|Fn−1] = Xn−1 a.s.(P ) for each n ≥ 1.

If = above is replaced by ≤, we call (Xn,Fn)n a supermartingale;
if we have ≥ instead, it is a submartingale. If the Xn are in Lp for
p ≥ 1, we call (Xn,Fn)n an Lp-martingale. We write X (or (X,F))
for (Xn,Fn)n when the context is clear.

Remark 6.3 Clearly,X is a submartingale iff −X is a supermartingale,
and is a martingale iff it is both a sub- and a supermartingale. Also,
changing the random variable X0 in the sequence (Xn)n≥0 does not
change these properties: the sequence is martingale (resp. super-, sub-)
iff the same holds for (Xn−X0)n≥0. So we frequently assumeX0 = 0
a.s.(P ) without loss. The set of (F, P )-martingales is a vector space by
Proposition 5.23(i).
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Remark 6.4 The properties of conditional expectation in Proposi-
tion 5.23 imply many important facts about martingales. By the tower
property (5.23(vii)), E[Xm|Fn] =Xn a.s.(P ) when m>n, and simi-
larly for super- and submartingales. Also, by 5.23(ii) the expectation of
a martingale is constant (E[Xm] = E(E[Xm|Fn])= E[Xn]), while the
expectations of supermartingales decrease and those of submartingales
increase as n increases. The Jensen inequality, applied to g(x) = x2

shows that when (Xn,Fn)n is an L2-martingale then
(
X2

n,Fn

)
n

is a
submartingale.

Exercise 6.5 Suppose that (Xn,Fn)n is a martingale and G = (Gn)n≥0

with G0 = {∅,Ω}, Gn = σ(X1, . . . , Xn) for each n ≥ 1. Show that
(Xn,Gn)n is a martingale. (Hint: first verify that G is the smallest
filtration to which (Xn)n is adapted.)

The partial sums (Xn)n≥1 of Example 6.1 form a martingale on the fil-
tered space (Ω,F ,F, P ) with Fn = σ(Y1, . . . , Yn) and F = (Fn)n≥1.

At each stage, the σ-field Fn represents what is known about the
(Yi)i≤n, and this ‘information’ increases with n. ‘Full’ information
about the random behaviour in question resides in the larger σ-field
F , and we shall frequently assume that F = F∞ where we define
F∞= σ(∪n≥1Fn) – note that, unlike the intersection, a union of
σ-fields need not be a σ-field!

Example 6.6 An example where the ‘limiting’ random variable
in a martingale seems ‘given’ is the following: fix a filtered space
(Ω,F ,F, P ) and X ∈ L1(Ω,F , P ). Let Mn = E[X|Fn] for each n.
Then Mn is our best estimate of X given the information contained
in Fn. Again by the tower property (Mn,Fn) is a martingale

E[Mn|Fn−1] = E[E[X|Fn]|Fn−1] = E[X|Fn−1] = Mn−1.

Our ‘best ever’ estimate of X is limnE[X|Fn] if this a.s. limit exists.
Logically, it should be E[X|F∞] and if F∞ = F we recover ‘full
knowledge’ of X. These limit theorems, however, require proof, and
are discussed below.

Martingales represent fair gambling games, as our best guess at time
n is that winnings and losses in the next game cancel out on average – as
in Example 6.1, assuming X0 = 0, the martingale difference ΔXn =
Xn − Xn−1 has E[ΔXn|Fn−1] = 0 for all n ≥ 1. (Equality
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is replaced by ≥ for a submartingale, and by ≤ for a supermartin-
gale, so these games are favourable to the gambler and the casino
respectively!)

Example 6.7 (‘Betting the martingale’) The name ‘martingale’ (which
is shared with a type of bridle used in horse racing) has a long his-
tory in gambling. In a simple coin-tossing game with a fair coin,
the martingale strategy is to bet $1 on the first toss and double the
stake for the next if we lose, etc. Suppose our first win is at the Nth
game. Our net winnings are then 2N −

(∑N−1
k=0 2k

)
= 1. The ran-

dom variable N has P (N = k)= 1
2k since we win or lose each toss

with probability 1
2 , and we have lost k − 1 times before winning

at game k. (We assume the outcomes of tosses are independent.) So
P (N <∞)=P (∪k≥1(N = k))=

∑∞
k=1 P (N = k) = 1. Although we

are almost sure of winning eventually, we must be willing to risk a
very large fortune before this occurs! The total amount X we would
have lost before winning has expectation E[X] =

∑∞
k=1XkP (N = k),

where Xk = 2k−1 − 1 is the total wagered (and lost!) before winning
game k. Thus E[X] = limm→∞

(∑m
k=1(

1
2 − 1

2k )
)

=∞. The dangers
of this strategy were obvious to gamblers three hundred years ago,
and most casinos now refuse bets from players seen to be using such
‘doubling strategies’.

Exercise 6.8 Where is the martingale in Example 6.7? Our betting
strategy depends at time n on the random outcomes of the previ-
ous games, given by Bernoulli random variables Zi taking each of
the values +1,−1 with probability 1

2 . All the previous games must
result in losses (i.e. Zi = −1) if we are to reach game n. Thus
our net winnings are given by the process S = (Sn)n≥1, Sn =
Sn−1 +Znf(Z1, Z2, . . . , Zn−1), where f takes the value 2n−1 if
Zi = − 1 for all i < n and 0 otherwise. Show that S is a martingale for
the filtration (Fn)n≥1, where Fn = σ{Zi : i ≤ n}.

6.2 The Doob decomposition

Fix a filtered space (Ω,F ,F, P ) and an adapted sequence (Yn)n≥0 (we
shall call this a process from now on). The difference process ΔY with
ΔYn = Yn − Yn−1 can be written for n ≥ 1 as a sum of two such
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processes ΔM,ΔA via

ΔYn = (ΔYn − E[ΔYn|Fn−1]) + E[ΔYn|Fn−1] = ΔMn + ΔAn,

where we also define M0 = A0 = 0 a.s.(P ) and then let
Mn =

∑n
k=1 ΔMk and An =

∑n
k=1 ΔAk.

Then we see that:
(i) for n ≥ 1, E[ΔMn|Fn−1] = 0. In other words, (M,F) is a
martingale.
(ii) An is Fn−1-measurable for each n ≥ 1. This important property
deserves a name.

Definition 6.9 We call a process Z = (Zn)n≥1 predictable if, for each
n ≥ 1, Zn is measurable with respect to Fn−1.

Predictability means that Zn is ‘known’ completely by time n− 1. This
is the opposite of the ‘completely random’ behaviour of a martingale:

Exercise 6.10 Show that any predictable martingale is a.s. constant.

The adapted process Y has now been decomposed as the sum of a
martingale and a predictable process

Yn = Y0 +Mn +An.

We call this the Doob decomposition of Y. It is unique, for if we also
have Yn = Y0+M ′

n+A′
n for some other martingaleM ′ and predictable

process A′ withM ′
0 = A′

0 = 0, then for each n,Mn−M ′
n = A′

n−An,
which shows that M −M ′ is a predictable martingale beginning at 0,
and so stays constant there by Exercise 6.10. We call M the martingale
part of Y and A = Y −M the compensator.

This decomposition takes on particular importance when we begin
with a martingale X. In the decomposition X2 = X2

0 + M + A of
the submartingale X2 (cf. Remark 6.4), the predictable process A has
difference process

ΔAn = E
[
X2

n|Fn−1

]
−X2

n−1 ≥ 0

and thus is increasing, i.e. An ≤ An+1 a.s. for every n. If X0 = 0 (as
we can assume without loss), we have written X2 = M +A as the sum
of a martingale M and a predictable increasing process A.
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We come to a very useful property of L2-martingales:

Lemma 6.11 Let X be an L2-martingale. Note that

(ΔXn)2 = (Xn −Xn−1)2 and ΔX2
n =

(
X2

n −X2
n−1

)
.

We have

E
[
(ΔXn)2

]
|Fn−1] = E

[
ΔX2

n|Fn−1

]
.

Proof (ΔXn)2 = X2
n − 2XnXn−1 + X2

n−1, so E[(ΔXn)2|Fn−1]
equals E

[
X2

n|Fn−1

]
− 2Xn−1E[ΔXn|Fn−1] +X2

n−1, which reduces
to E[

(
X2

n −X2
n−1

)
]|Fn−1] as claimed.

Given a martingale X with X0 = 0, the decomposition X2 = M + A

implies ΔMn = ΔX2
n − ΔAn. But M is also a martingale, so the

lemma yields

0 = E[ΔMn|Fn−1] = E[(ΔXn)2|Fn−1] − E[ΔAn|Fn−1].

Since A is predictable, E[(ΔXn)2|Fn−1] = ΔAn, which exhibits the
process A as a ‘conditional quadratic variation’ process of the original
martingale X. Taking expectations, E[(ΔXn)2] = E[ΔAn].

Also, E
[
X2

n

]
= E[Mn]+E[An] = E[An], so both sides are bounded

for all n iff the martingale X is bounded in L2(Ω,F , P ). Since (An)
is increasing, the a.s. limit A∞(ω) = limn→∞An(ω) exists, and the
boundedness of the integrals ensures in that case that E[A∞] <∞.

Exercise 6.12 Suppose (Zn)n≥1 is a sequence of Bernoulli random
variables, with each Zn taking the values 1 and −1, with equal proba-
bility. Let X0 = 0, Xn = Z1 +Z2 + · · ·+Zn for n ≥ 1, and let (Fn)n

be the natural filtration generated by the (Zn). Show that the compen-
sator (An) in the Doob decomposition of the submartingale

(
X2

n

)
n

is
deterministic (i.e. non-random).

6.3 Discrete stochastic integrals

In discrete time, we easily construct ‘stochastic integrals’ and show that
they preserve the martingale property. We wish to use a martingale
X as an integrator, in the same sense as we form an integral with
the distribution function of a random variable. Of course, for discrete
distributions the ‘integral’ is simply an appropriate linear combination
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of increments of the distribution function. Thus the key components are
linear combinations of the increments ΔXn =Xn −Xn−1. However,
here we deal with stochastic processes (i.e. functions of both n and
ω) rather than real functions, so measurability conditions are needed
to determine what constitutes an ‘appropriate’ linear combination. For
ω ∈ Ω we set I0(ω) = 0 and for n ≥ 1 let

In(ω) =
n∑

k=1

ck(ω)(ΔXk)(ω) =
n∑

k=1

ck(ω)(Xk(ω) −Xk−1(ω)),

choosing (cn)n to ensure that the new process (In)n has useful prop-
erties. When (cn)n is a bounded predictable process and X is a
martingale, both for the same filtration (Fn)n, the process (In)n

is called a discrete stochastic integral (also known as a martingale
transform). We show that I = (In)n is again a martingale

E[In|Fn−1] = E[(In−1 + cnΔXn)|Fn−1]

= In−1 + cnE[ΔXn|Fn−1] = In−1.

So the discrete stochastic integral preserves the martingale property.
We write the stochastic integral as c · X, meaning that for all n ≥ 0,
In = (c ·X)n. We record this as a theorem:

Theorem 6.13 Let (Ω,F , (Fn)n≥0, P ) be a filtered probability space.
If X is a martingale and c is a bounded predictable process, then the
discrete stochastic integral c ·X is again a martingale.

We use the boundedness assumption in order to ensure that ckΔXk

is integrable, so that its conditional expectation makes sense.
For L2-martingales, the Schwarz inequality ensures we only need
cn ∈L2(Fn−1) for each n.

Remark 6.14 All this is bad news for gamblers: the fact that c · X
is again a martingale means that ‘clever’ gambling strategies will be
of no avail when the game is fair. It remains fair whatever strategy the
gambler employs! If it starts out unfavourable to the gambler, so that
X is a supermartingale (E[Xn|Fn−1] ≤ Xn−1), the above calculation
shows that, as long as cn ≥ 0 for each n , then E[In|Fn−1] ≤ In−1, so
that the game remains unfavourable whatever non-negative stakes the
gambler places.
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Combining the definition of (In)n with the Doob decomposition of the
submartingaleX2 we obtain the key identity which illustrates why mar-
tingales make useful ‘integrators’. We calculate the expected value of
the square of (c ·X)n when c = (cn) with cn ∈ L2 (Fn−1) for each n
and X = (Xn) is an L2- martingale

E
[
(c ·X)2n

]
= E

⎛⎝[
n∑

k=1

ckΔXk

]2
⎞⎠ = E

⎡⎣ n∑
j,k=1

cjckΔXjΔXk

⎤⎦.
Consider terms in the double sum separately: if j < k

E[cjckΔXjΔXk] = E[E[cjckΔXjΔXk|Fk−1]]

= E[cjckΔXjE[ΔXk|Fk−1]] = 0

since the first three factors are all Fk−1- measurable, while

E[ΔXk|Fk−1] = 0

since X is a martingale. With j, k interchanged this also shows that
these terms are 0 when k < j. The remaining terms have the form

E
[
c2k(ΔXk)2

]
= E

[
c2kE[(ΔXk)2|Fk−1]

]
= E

[
c2kΔAk

]
.

By linearity, we obtain a fundamental identity for discrete stochastic
integrals relative to martingales (also called the Itô isometry)

E

⎡⎣( n∑
k=1

ckΔXk

)2
⎤⎦ = E

[
n∑

k=1

c2kΔAk

]
.

The sum inside the expectation sign on the right is a ‘Stieltjes sum’ for
the increasing process, so that it is now at least plausible that this iden-
tity should allow us to define martingale integrals in the continuous-time
setting, using approximation of processes by simple processes. The Itô
isometry is of critical importance in the definition of stochastic integrals
relative to processes such as Brownian Motion, as we shall see.

6.4 Doob’s inequalities

J.L. Doob proved two simple but powerful inequalities for submartin-
gales that explore the relationship between a process and its maximum
values up to a fixed time. They will be used frequently in the
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sequel. Given any process M = (Mn)n≥0 on (Ω,F , P ), we define
M∗

k = maxn≤k Mn for each k ≥ 0.

Theorem 6.15 (Doob’s submartingale inequality)
If M is a non-negative submartingale and λ > 0, then for all k

λP (M∗
k ≥ λ) ≤

∫
{M∗

k≥λ}
MkdP ≤ E[Mk].

Proof Let A = {M∗
k ≥ λ} , then A = ∪k

n=0An, where

A0 = {M0 ≥ λ}, An =
(
∩n−1

m=0{Mm < λ}
)
∩ {Mn ≥ λ}

and the union is disjoint. For 0 ≤ n ≤ k, An ∈ Fn, so as M is a sub-
martingale and Mn > λ on An,

∫
An

MkdP ≥
∫

An
MndP ≥ λP (An).

Now sum over n = 0, 1, . . . , k to obtain the first inequality; the second
is trivial since Mk ≥ 0 a.s.(P ).

Corollary 6.16 For any p > 1, λpP (M∗
k ≥ λ) ≤ E [Mp

k ].

For the proof, simply apply Theorem 6.15 to the submartingale
Mp

n – recall Jensen’s inequality!
We combine Theorem 6.15 with Proposition 5.12 to compare the

Lp-norms of the sequences (Mn) and (M∗
k ) .

Theorem 6.17 (Doob’s Lp inequality)
Suppose that p > 1 and 1

p + 1
q = 1. If M is a non-negative sub-

martingale, then ||M∗
n||p ≤ q ||Mn||p for all n ≥ 0. Hence if M is

Lp-bounded, we have
∣∣∣∣supn≥0Mn

∣∣∣∣
p
≤ q supn≥0 ||Mn||p .

Proof Fix n≥ 0. Theorem 6.15 allows us to apply Proposition 5.12
with X =Mn, Y =M∗

n, so that ||M∗
n||p ≤ q ||Mn||p ≤ q supn ||Mn||p

for each n ≥ 0. But M∗
n ↑ supnMn, so by the MCT the second claim

follows at once.

6.5 Martingale convergence

Recall Example 6.6: when Mn = E[X|Fn] for some fixed X in
L1(Ω,F , P ) and filtration F = (Fn)n≥0, it is natural to ask whether
Mn → X in some sense when n→ ∞. The two modes of convergence
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of interest are Mn → X a.s.(P ) and ||Mn −X||p → 0, for p ≥ 1, i.e.
almost sure and convergence inLp-norm. We give only a brief overview
of this theory. More detail can be found in [BZ],[K], [N] or [W].

If a real sequence (xn)ndiverges, lim infn xn < lim supn xn.

As Q is dense in R, we can find rationals a < b such that
lim infn xn<a<b< lim supn xn. So for a sequence (Xn)n of ran-
dom variables we can express the set of ω ∈ Ω, where (Xn(ω))n has
no limit as a countable union of sets D = ∪ a<b

a,b∈Q

Da,b, where

Da,b = {ω : lim infnXn(ω) < a < b < lim supnXn(ω)}.

The task of proving a.s. (P )-convergence of (Xn) now consists of
showing that each Da,b is P -null. For supermartingales bounded in L1,
i.e., such that supn ||Xn||1 <∞, this is guaranteed by the famous Doob
Upcrossing Lemma. We need some notation.

Definition 6.18 Let (Xn,Fn)n≥0 be adapted and let a, b be real num-
bers with a < b. Define a gambling strategy c = (cn)n≥1 for (Xn) and
[a, b] by setting c1 = 0 and, for each n ≥ 1, let cn+1 = 1 if either
cn = 0 and Xn < a, or cn = 1 and Xn ≤ b. Otherwise, set cn+1 = 0.
We see inductively that c is predictable.

Then define an upcrossing of [a, b] as an integer u such that cu = 1
and cu+1 = 0. The number UN [a, b] of upcrossings of [a, b] by
n→Xn(ω) by time N is then the largest k such that the upcrossings
satisfy u0 = 0 < u1 < u2 < . . . uk ≤ N.

The strategy c = (cn)n≥1 represents a peculiar gambling strategy
for a game where ΔXn = Xn − Xn−1 denotes the winnings per
unit stake in each round. We do not enter the game until Xn < a,

then bet a unit stake in each round until Xn > b, and wait until
Xn < a before making the next unit bet, and so on. This is a
bounded predictable process, so Theorem 6.13 applies to Y = c ·
X. The process Y = c · X describes our winnings using this
strategy.

Exercise 6.19 Figure 6.1 shows an example with three upcrossings of
[a, b], marked by bold line segments. Sketch the dynamics of the process
Y corresponding to the sketched process X .
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b

a
(XN −a)−

Fig. 6.1 Upcrossings of [a, b] by X

Lemma 6.20 (Doob’s Upcrossing Lemma) If (Xn) is a supermartin-
gale and a < b, then for any N

(b− a)E[UN [a, b]] ≤ E[(XN − a)−].

Proof Y0 = 0 a.s. by definition and YN =
∑N

i=1 ciΔXi. The
number of upcrossings is UN [a, b] = k, where uk ≤ N < uk+1

by definition. Each upcrossing increases Y by at least b − a, so we
have Yui

(ω) − Yui−1(ω) ≥ b − a for i ≤ k. Moreover, we have
YN (ω) − Yuk

(ω) ≥ −(XN − a)−, since the ‘loss’ in the periods
of play after the last upcrossing cannot exceed (XN − a)−. Hence
YN (ω) ≥ (b − a)UN [a, b] − (XN − a)−. By Theorem 6.13, Y is a
supermartingale null at 0, so E[YN ] ≤ 0.

For p≥ 1, a family S in Lp is Lp-bounded if there is a B with
||X||p<B for all X in S. Our first convergence theorem
applies to L1-bounded supermartingales. This includes non-negative
supermartingales:

Exercise 6.21 Show that if the supermartingale X has Xn ≥ 0 a.s. for
all n, then X is L1-bounded.
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Theorem 6.22 Let (Xn)n be an L1-bounded supermartingale. Then
(Xn)n converges a.s. (P ) to the F∞-measurable random variable
X∞ = lim supnXn.

Proof We show that UN [a, b] is a.s. finite for each N. By Lemma 6.20

(b− a)E[UN [a, b]] ≤ E[|XN |] + |a| ≤ supn ||Xn||1 + |a|.

Hence P (UN [a, b] = ∞) = 0 for all N . This proves the a.s.
convergence. The limit X∞ is a.s. finite: by Fatou

E[|X∞|] = E[lim infn |Xn|] ≤ lim infn E[|Xn|]
≤ lim supn E[|Xn]| <∞.

However, L1-boundedness of a supermartingale (Xn)n is not sufficient
for convergence to X∞ in L1-norm. To see what is needed, note that
if Z ∈ L1, then for any given ε > 0 we can find K > 0 such that∫
{|Z|>K} |Z| dP < ε: take Z ≥ 0 and write E[Z] =

∫
{Z≤K} ZdP +∫

{Z>K} ZdP. Now Zn = Z1{Z≤n} ↑ Z as n ↑ ∞, hence by the MCT
E[Zn] ↑ E[Z] and so, for given ε > 0, by taking n large enough we
have E[Z] −

∫
{Z≤n} ZdP < ε. Take any K > n.

Exercise 6.23 Prove, conversely, that if given ε > 0, there is K > 0
such that

∫
{|Z|>K} |Z|dP < ε, then Z ∈ L1. Thus Z is integrable iff

the above condition holds.

We now extend the condition to families (e.g. sequences) of random
variables.

Definition 6.24 S ⊂ L1(Ω) is uniformly integrable (u.i.) if given ε > 0
there is K > 0 such that

∫
{|X|>K} |X| dP < ε for every X in S.

(Equivalently: supX∈S

∫
{|X|>K} |X| dP → 0 as K → ∞.)

Exercise 6.25 Show that if a family of random variables is Lp-bounded
for some p > 1, then it is u.i. (Hint: y > K > 0 implies y < yp

Kp−1 .

Show that
∫
{|X|>K} |X|dP < 1

Kp−1

∫
{|X|>K} |X|pdP.)

Example 6.26 S = {E[X|G]: G is a sub-σ-field of F} is uni-
formly integrable when X ∈ L1. To see this, fix K > 0 and set



72 Discrete-time martingales

AK = {E[X|G] > K} ∈ G. We have |E[X|G]| ≤ E[|X||G] a.s. by
Jensen, so KP (AK)≤

∫
AK

|E[X|G]|dP ≤
∫

AK
|X| dP ≤ ||X||1 .

This means that P (AK), and therefore
∫

AK
|X| dP, goes to 0 indepen-

dently of the choice of G ⊂ F as K ↑ ∞.

Example 6.27 In particular, given X ∈ L1, the martingale (Mn)n

with Mn = E[X|Fn] for n ≥ 0 is u.i. We show below that all u.i.
martingales have this form. In preparation, note that any u.i. sequence
(Zn)n in L1 is L1-bounded, i.e. supn ||Zn||1 < ∞. To see this, choose
K > 0 with

∫
{|Zn|>K} |Zn| dP < 1. Then

E[|Zn|] =
∫
{|Zn|≤K}

|Zn| dP +
∫
{|Zn|>K}

|Zn| dP ≤ K + 1.

Thus a u.i. supermartingale (Xn)n converges a.s. to X∞.

To arrive at convergence in Lp-norm, we need another mode of
convergence which is useful in many contexts:

Definition 6.28 (Yn)n converges to Y in probability
if limn P (|Yn− Y | ≥ ε) = 0 for all ε > 0.

The next exercise shows that this convergence in weaker than Lp-norm
or a.s. convergence:

Exercise 6.29
(i) Show that if Yn → Y in Lp-norm or a.s. (P ), then Yn → Y in proba-
bility. (Hint: Assume the limit is 0. For the first claim, use Chebychev’s
inequality.)
(ii) Show that if Yn → Y in probability, then some subsequence
converges to Y a.s.
(iii) Use the sequence Y1 = 1[0,1], Y2 = 1[0, 1

2 ], Y3 = 1[ 1
2 ,1],

Y4 = 1[0, 1
4 ], . . . to show that convergence in probability does not imply

a.s. convergence.

However, convergence in probability implies L1-convergence for u.i.
sequences:

Proposition 6.30 Let (Yn)n be a u.i. L1-sequence such that Yn → 0
in probability. Then ||Yn||1 → 0 as n→ ∞.
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Proof As the sequence is u.i., given ε > 0 we can find K > ε
3 such

that
∫
{|Yn|>K} |Yn| dP < ε

3 . But limn P (|Yn| > ε) = 0 for every
ε > 0 , as Yn → 0 in probability. So, given ε > 0, find N > 0 with
P (|Yn| > ε

3 ) < ε
3K if n ≥ N. For n ≥ 1, set

An = {|Yn| > K}, Bn =
{
K ≥ |Yn| >

ε

3

}
, Cn =

{
|Yn| ≤

ε

3

}
.

E[|Yn|] =
∫

An

|Yn| dP +
∫

Bn

|Yn| dP +
∫

Cn

|Yn| dP

≤ ε

3
+KP

(
|Yn| >

ε

3

)
+
ε

3
P
(
|Yn| ≤

ε

3

)
.

Hence ||Yn||1 → 0 as n→ ∞.

Exercise 6.31 Show that the converse of this proposition also holds, so
that these two conditions characteriseL1-convergence. (See [W], Ch. 13
if you get stuck.)

Theorem 6.32 Every u.i. supermartingale (Xn)n≥0 converges a.s.(P )
and in L1-norm to a limit X∞ ∈ L1.

Proof By Theorem 6.22, Xn →X∞ a.s., and using Yn =Xn −X∞
instead we have Yn → 0 a.s.(P ). This means that Yn → 0 in
probability, and is u.i., so Proposition 6.30 yields ||Yn||1 → 0.

Corollary 6.33 Every u.i. (Fn)-martingale M = (Mn)n≥0 has the
form Mn = E[Y |Fn] for some Y ∈ L1 and all n.

Proof Let k > n, then by the martingale property, for any A ∈ Fn,
we have

∫
A
MkdP =

∫
A
MndP. So with Y = M∞, the a.s. limit of

(Mn)n, we obtain for such A and k > n∣∣∣∣∫
A

(Mk − Y )dP
∣∣∣∣ ≤ ∫

A

|Mk − Y | dP ≤ ||Mk − Y ||1 .

By Theorem 6.32, ||Mk − Y ||1 → 0 as k → ∞, so
∫

A
MndP =∫

A
Y dP for all A ∈ Fn. Thus Mn = E[Y |Fn] for each n.

Remark 6.34 Given X in L1 and a filtration F = (Fn)n≥0, we can
construct a u.i. martingale by setting Mn = E[X|Fn]. The a.s. limit
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M∞ of this sequence can now be identified asM∞ = E[X|F∞], where
F∞ = σ(∪nFn) as in Example 6.6. To do this, assume X ≥ 0 with-
out loss. Now P1(A) =

∫
A
M∞dP and P2(A) =

∫
A

E[X|F∞]dP
are measures on (Ω,F∞) and they agree on every A ∈ Fn (check
this carefully!). Since ∪n≥0Fn is a field, it is a π-system, so these
measures agree on F∞. Both M∞ = lim supnMn and E[X|F∞] are
F∞-measurable, hence so is the set {E[X|F∞] > M∞} = A. But
P1(A) = P2(A), so

∫
A
(E[X|F∞] −M∞)dP = 0 . Thus P (A) = 0

and similarly with roles reversed, so that M∞ = E[X|F∞] a.s.(P ).

6.6 The Radon–Nikodym Theorem

As an application of Theorem 6.32, we prove the key structure
theorem in measure theory, which also shows that conditional expec-
tations exist for any integrable random variables, with properties as
proved in Proposition 5.23 and extending our earlier construction for
L2-functions.

Definition 6.35 Suppose P,Q are probabilities on (Ω,F) and that
P (F ) = 0 implies Q(F ) = 0 when F ∈ F . We write Q � P and
say that Q is absolutely continuous with respect to P.

This implies (and is in fact equivalent to) the following continuity con-
dition: given ε > 0, we can find δ > 0 such that P (F ) < δ implies
Q(F ) < ε. (Sketch of proof: if this condition fails, we can find ε > 0
and (An)n with P (An) < 1

2n for each n but Q(An) ≥ ε. But then
P (lim supnAn) = 0 < ε ≤ Q(lim supnAn.)

When Q� P we want to demonstrate the existence of X ∈ L1 such
that for F ∈ F , Q(F ) =

∫
F
XdP. We then write X = dQ

dP and call it
the Radon–Nikodym derivative ofQw.r.t.P. (Note that Proposition 4.19
tells us that, conversely, Q defined via X in this way is a measure, and
obviously Q� P .)

We construct X in a special case. If the σ-field G is gener-
ated by a sequence (Gn)n of sets in F , we call it separable. Let
Gn =σ(G1, . . . , Gn) for each n ≥ 1. These σ-fields are generated
by finite partitions of Ω (dividing Ω into atoms, i.e. finite intersec-
tions ∩i≤nFi, where each Fi is either Gi or Gc

i , so that no non-empty
proper subset of this intersection belongs to Gn). Let Pn be the smallest
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partition generating Gn; clearly, Pn+1 refines Pn, so each set in Pn

is a disjoint union of sets in Pn+1. Define Xn =
∑

A∈Pn

Q(A)
P (A)1A

if P (A) > 0 and 0 otherwise. To see that (Xn) is a martingale for
G =(Gn)n, we note that for A ∈ Pn∫

A

Xn+1dP =
∑

B∈Pn+1,B⊂A

Q(B)
P (B)

P (B) = Q(A) =
∫

A

XndP.

(If P (B) = 0, then Q(B) = 0, so the finite sum counts all B ⊂ A with
Q(B) > 0.) Moreover, (Xn)n is u.i.: given ε > 0 choose δ > 0 by the
continuity condition and K > 1

δ . Then with A = (Xn > K), we have
KP (A) ≤ ||Xn||1 = Q(Ω) < Kδ. Hence

∫
A
XndP = Q(A) < ε.

Thus Xn → X∞ a.s. and in L1-norm, by Theorem 6.32, and
Xn = E[X∞|Gn] for all n. So for all A in the π-system ∪nGn,∫

A
X∞dP =

∫
A
XkdP = Q(A), and the measures Q and

A �→
∫

A
X∞dP agree, hence they agree on G.

The final step is to remove the separability assumption. This can
be done in various ways (see [K], [W] for two different proofs), but
will be omitted here as it really belongs to functional analysis. Thus
we have:

Theorem 6.36 (Radon–Nikodym) Let P,Q be probability measures on
(Ω,F).When Q � P , we can find a unique X ∈ L1 such that for
F ∈ F , Q(F ) =

∫
F
XdP .

Corollary 6.37 If G is a sub-σ-field of F and X ∈ L1(F), then
there is a unique Y ∈ L1(G) such that

∫
G
XdP =

∫
G
Y dP for all

A in G.

Proof Assume X ≥ 0 without loss. QX(A) =
∫

A
XdP is abso-

lutely continuous w.r.t P, hence the same holds for their restrictions to
G. So the Radon–Nikodym derivative Y = dQX|G

dPG
satisfies, for G ∈ G,∫

G
XdP = QX(G) = QX|G(G) =

∫
G
Y dP.

Defining E[X|G] = Y a.s. (P ), this coincides with the orthogonal pro-
jection of X onto L2(G) when X ∈ L2(F). We have thus extended the
definition of conditional expectation given in Chapter 5 to all integrable
random variables. All the properties derived there extend to this setting,
with the same proofs.
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Exercise 6.38 Radon–Nikodym derivatives obey a simple and natural
‘arithmetic’, which will be familiar from integration techniques in
elementary calculus. Prove the following:

(1) Given probabilities Q1 �P and Q2 �P and setting Q=Q1 +Q2,

we have dQ
dP = dQ1

dP + dQ2
dP .

(2) If, further, Q2 � Q1, then dQ2
dP = dQ2

dQ1

dQ1
dP .

Remark 6.39 We call finite measures P and Q equivalent (written
P ∼Q) if they have the same null sets. In other words, Q � P and
P �Q both hold. From (2) above, we conclude that for equivalent mea-
sures the Radon–Nikodym derivatives are strictly positive and satisfy:
dP
dQ =

(
dQ
dP

)−1

.

At the other extreme, two measures P,Q on (Ω,F) are mutually sin-
gular if their ‘mass’ is concentrated on disjoint sets: in other words,
there are disjoint sets EP , EQ such that P (F ) = P (EP ∩ F ) and
Q(F ) = Q(EQ ∩ F ) for every F in F . (So P is concentrated on EP

and Q on EQ.) We write Q ⊥ P for this. For any F disjoint from
EP , we have P (F ) = 0, and similarly for EQ. This idea, together with
the Radon–Nikodym Theorem, provides insight into the structure of the
vector space of all (probability) measures on (Ω,F):

Theorem 6.40 (Lebesgue Decomposition Theorem) If P,Q are prob-
abilities on (Ω,F), then Q can be expressed uniquely as a sum of two
measures, Qa � P and Qs ⊥ P. Hence there is a unique X ∈ L1(P )
such that Q(F ) =

∫
F
XdP +Qs(F ) for every F in F .

Proof Write R = P + Q, so that 0 ≤ Q ≤ R and we can find a
measurable h with values in [0, 1] such that Q(F ) =

∫
F
hdR for all F

in F . The event A = (h < 1) and its complement partition Ω and we
set Qa(F ) = Q(A ∩ F ), Qs(F ) = Q(Ac ∩ F ) for each F. We show
that Qa � P and Qs ⊥ P : for the first note that if F ⊂ A is P -null,
then Q(F ) =

∫
F
hdR =

∫
F
hdQ. So

∫
F

(1 − h)dQ = 0. But h < 1
on A, so Q(F ) = 0, hence also Qa(F ) = Q(A ∩ F ) = 0. For the
second, F ∩ A = ∅ means that F ⊂ Ac, h = 1 on F. Hence Q(F ) =∫

F
hdR = P (F ) +Q(F ), i.e. P (F ) = 0. Thus P is concentrated on A

andQs onAc,which shows thatQs ⊥ P. The uniqueness claim follows
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by Exercise 6.41(iii) below, while the final statement is clear from the
Radon–Nikodym theorem.

Exercise 6.41 Verify the following claims for probabilities P,Q1, Q2

defined on (Ω,F):
(i) if Qi ⊥ P for i = 1, 2, then also (Q1 +Q2) ⊥ P .
(ii) if Q1 � P and Q2 ⊥ P , then Q1 ⊥ Q2.
(iii) if Q1 � P and Q1 ⊥ P , then Q1 = 0.

Exercise 6.42 Let random variables X,Y have densities fX , fY .

Describe under what conditions on the densities we have PX � PY

and find the Radon–Nikodym derivative.



7

Brownian Motion

Stochastic processes become an especially powerful modelling tool
when the time set is T = [0,∞) since we intuitively experience time as
a continuous phenomenon. At its simplest, a (stochastic) process X is
a family (Xt : t ≥ 0) of random variables defined on the same prob-
ability space (Ω,F , P ). But it is instructive to look at X from several
different angles.

7.1 Processes, paths and martingales

Recall the metric space L0(F) of (equivalence classes of) all ran-
dom variables Ω → R. A stochastic process X can be viewed as a
map t→Xt from T to L0(F) provided we identify X with any of its
versions Y , in the following sense:

Definition 7.1 Processes X and Y are versions (or modifications) of
each other if P ({ω ∈ Ω : Xt(ω) = Yt(ω)}) = 1 for each t ≥ 0.

So for each t ≥ 0, the random variables Xt and Yt are versions of
each other as defined in Chapter 5. Unlike in the discrete case, this does
not always ensure that the paths t → Xt(ω) and t → Yt(ω) traced
out by the processes X,Y will coincide for almost all ω ∈ Ω. If
Et =P (Xt �=Yt) = 0 for each t, the set E = ∪t≥0Et where X and
Y differ need no longer be P -null, as the time set is uncountable. We
need a stronger condition.

Definition 7.2 Processes X and Y are indistinguishable if almost all
their paths coincide, i.e. if

78
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P ({ω ∈ Ω : Xt(ω) = Yt(ω) for all t ≥ 0}) = 1.

Indistinguishable processes are clearly versions of each other, but not
conversely. However, matters simplify greatly when almost all paths are
continuous (we then say X,Y are continuous processes).

Exercise 7.3 Show that the above two definitions coincide whenX and
Y are continuous processes. (Hint: the positive rationals are dense in
[0,∞).)

As in Chapter 6, the filtration (Gt)t≥0 generated by X , where Gt =
σ(Xs : s ≤ t), models information about the history of the process
X = (Xt)t≥0. More generally, a family F = (Ft)t≥0 of sub-σ-fields of
F is a filtration if it is increasing (Fs ⊂ Ft ⊂ F for s ≤ t in T), and
satisfies two technical conditions (the ‘usual’ conditions):
(i) F0 contains all P -null sets.
(ii) F is right-continuous, in that Ft = ∩s>tFs for each t in T.

The family (Gt)t≥0 describing the history of a processX will thus be
augmented by adding the collection N of all subsets of P -null sets in
G∞ (setting P (N) = 0 for each N ∈ N ) and defining Ft = σ(Gt ∪N )
for each t ≥ 0. The augmented filtration (Ft)t ensures that no ‘extra’
null sets appear suddenly as the history of the process evolves, and (ii)
regulates the occurrence of ‘jumps’ in our information up to time t, just
as for jumps in distribution functions.

Definition 7.4 The process X is adapted to a given filtration F if Xt

is Ft-measurable for each t in T.

In particular, for a process X = (Xt)t≥0, its augmented filtration
(Ft)t≥0 is the smallest filtration to which X is adapted.

The stochastic process X = (Xt)t≥0 can also be viewed as a sin-
gle map (t, ω) → Xt(ω) from T × Ω to R. This map is measurable
if X−1(B) is in the product σ-field BT × F for every Borel set B
in R, where BT consists of the Borel sets contained in [0,∞). It is
progressive if for each t ≥ 0 the map (s, ω) → Xs(ω), defined on
[0, t] × Ω, is B[0,t] × Ft-measurable. This is a stronger condition than
‘measurable and adapted’, but it is not difficult to show (see [K]) that for
path-continuous processes the two concepts coincide. It can be shown
(though the proof is long and demanding) that every measurable adapted
process has a progressive version.
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Martingales in continuous time are defined just as their discrete
counterparts and have many similar properties:

Definition 7.5 A stochastic process Xon T × Ω is an F-martingale if
Xt ∈ L1(Ft) for all t ≥ 0 and E[Xt|Fs] = Xs for all s ≤ t.

Remark 7.6 Super- and submartingales are defined by replacing equal-
ity by ≤,≥, respectively. The set of (F−) martingales is a vector space
and by Jensen’s inequality, if X is a martingale and φ a convex real
function, then φ(X) is a submartingale. For any L2-martingale M and
0 ≤ s < t, we can argue exactly as in Lemma 6.11 to prove the useful
identity E

[(
M2

t −M2
s

)
|Fs

]
= E[(Mt −Ms)2|Fs].

A key feature of martingales are their simple path properties. In fact,
under the conditions we impose on filtrations it can be shown (see [K])
that any supermartingale has a version with (a.s.) right-continuous paths
(and that the limits on the left exist) iff the map t → E[Xt] is right-
continuous. But for a martingale this map is a constant, so we can
always assume that we are working with martingales almost all of
whose paths are right-continuous and have left limits. This is usually
abbreviated from the French: càdlàg (continu à droite et limites à
gauche).

We concentrate on continuous L2-martingales. The convergence
results for martingales proved in Chapter 6 extend easily, since we can
restrict attention to what happens at (dyadic) rational indices. Similarly,
the continuous-time versions of the two Doob inequalities follow upon
applying the discrete-time inequalities to dyadic dissections of the finite
interval [0, T ]. We sketch the proofs briefly.

Proposition 7.7 Suppose (Mt)t≥0 is a continuous non-negative
submartingale and λ > 0. If p ≥ 1, M∗

T = supt∈[0,T ]Mt, then
λP (M∗

T > λ) ≤ E[MT ], and if MT ∈ Lp(Ω,F , P ) for some p > 1,
then ||M∗

T ||p ≤ q ||MT ||p , where 1
p + 1

q = 1.

Proof For each n, apply Theorem 6.15 to the finite index sets
Dn,T =

{
iT
2n : 0 ≤ i ≤ 2n

}
, so λP (supt∈Dn,T

Mt > λ) ≤ E[MT ].
Now limn(supt∈Dn,T

Mt(ω)) = M∗
T (ω) a.s.(P ) by continuity. If

An = {ω : supt∈Dn,T
Mt(ω) > λ} and A = {ω : M∗

T (ω) > λ}, then
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1An
↑ 1A a.s.(P ). The MCT now yields: λP (M∗

T > λ) ≤ E[MT ].
The second part follows similarly from Theorem 6.17.

The main convergence result for Lp-bounded martingales is:

Theorem 7.8 If the martingale M = (Mt)t≥0 is Lp-bounded for some
p > 1, then there exists M∞ ∈ Lp such that Mt →M∞ a.s.(P ) and in
Lp-norm as t→ ∞.

Proof We may assume that M has right-continuous paths a.s.(P ).
Doob’s Lp-inequality, Exercise 6.25 and Theorem 6.32 show that
the discrete martingale (Mn)n≥0 has a.s. limit M∞ ∈ Lp and
||Mn −M∞||p → 0 as n → ∞. For fixed k and real t ≥ k,

|Mt −M∞| is bounded above by the sum of |Mn − M∞| and
supt≥k |Mt −Mk| . Thus

lim supt→∞ |Mt −M∞| ≤ limk→∞(supt≥k |Mt −Mk|)

since |Mn −M∞| → 0. To estimate the RHS, apply Proposition 7.7
to the submartingale (|Mt −Mk|p)t≥0 and λp instead of Mn and λ to
obtain P (supt≥k |Mt −Mk| > λ) ≤ 1

λp E[|Mt −Mk|p].
Letting t→∞ on the right replacesMt byM∞, while letting k→∞

shows that both quantities converge to 0.By Exercise 1.15, we then have
P (limk supt≥k |Mt −Mk| > λ) = 0 for all λ> 0, so that Mt →M∞
as t → ∞. The Lp-convergence follows since the submartingale
|Mt −Mk| is bounded in Lp norm by |Mn −Mk| whenever n> t, so

lim supt→∞ ||Mt −M∞||p ≤ ||Mk −M∞||p+supn≥k ||Mn −Mk||p

and both terms on the right go to 0 as k → ∞.

7.2 Convergence of scaled random walks

Recall the symmetric random walk described in Example 6.12: the inde-
pendent Bernoulli random variables (Xi)i≥0 can be taken as defined
on the ‘path’ space Ω = {−1, 1}N (whose elements are functions
ω : N → {−1, 1}) via coordinates: Xi(ω) = ω(i). Now (Xi)i≤n cre-
ates a partition Pn of Ω, which fixes the first n coordinates of each ω in
Pn, so that X1, . . . , Xn are constant on Pn. Write Fn = σ(Pn). The
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symmetric random walk Y = (Yn)n with Y0 = 0, Yn =
∑n

i=1Xi then
has the properties:
(a) Y is centered, i.e. E[Yn] = 0 for all n.
(b) V arYn =

∑n
i=1 V arXi = n (by independence of the (Xi)).

(c) Since for i < j ≤ k < l the random vectors (Xi+1, . . . , Xj)
and (Xk+1, . . . , Xl) are independent, the increments (Yl − Yk) and
(Yj −Yi) of Y are independent.
(d) Y is an (Fn)n-martingale (special case of Example 6.1).

To obtain a continuous-time process with similar properties, we pro-
ceed in two steps: first, fix N ∈ N, let τ = 1

N and reduce the step
length of the random walk to τ by setting BN

0 = 0, BN
n =

√
τYn

for n > 0. This defines a process BN : [0,∞) → R with domain
{nτ : n = 0, 1, . . .}. This scaled random walk inherits the above
properties of Y , except that V arBN

n = τn = n
N . The variance of the

increment
(
BN

n −BN
m

)
is thus τ(n−m).

Fix s = m
N , t = n

N . For p > 0, define the pth variation of the random
walk BN in the interval [s, t] ⊂ [0,∞] by

V p
[s,t](B

N ) =
n−1∑
i=m

∣∣BN
i+1 −BN

i

∣∣p .
We compare the variation V[s,t](BN ) and the quadratic variation
V 2

[s,t](B
N ):

Exercise 7.9 Show that V[s,t](BN ) → ∞ as N → ∞, but that
V 2

[s,t](B
N ) = t− s. (Hint:

∣∣BN
i+1 −BN

i

∣∣p = τp/2!)

When s = 0, V 2
[0,t](B

N ) = t is usually denoted by [BN ]t and

we can study the quadratic variation process [BN ], which reveals
itself in the next proposition as the compensator of the submartingale(
BN

n

)2
, in the Doob decomposition described in Chapter 6. Remark-

ably, the ‘increasing process’ [BN ] is non-random in this example. (See
Exercise 6.12.)

Proposition 7.10 The process X = (Xn)n≥0, Xn =
(
BN

n

)2 − nτ is a
martingale for the discrete filtration (Fnτ )n≥0.
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Proof E[
(
BN

n

)2−(
BN

m

)2 |Fmτ ] = E[
(
BN

n −BN
m

)2 |Fmτ ] form<n,

by Lemma 6.11. This is just E[
(
BN

n −BN
m

)2] = (n − m)τ , since
the increment

(
BN

n −BN
m

)
is independent of Fmτ and its variance is

(n−m)τ , as observed above. Hence

E

[(
BN

n

)2 − nτ |Fmτ

]
=
(
BN

m

)2 −mτ.

As we let N → ∞, the domain {nτ : n ≤ N} increases, so we hope to
develop a process defined on [0, 1] which mimics the properties of BN .

To this end, fix t > 0 and τ = t
N . For mτ = s ≤ t = Nτ , we write the

value of the scaled random walk BN at s as

BN (s) = BN
m =

√
τ

m∑
i=1

Xi.

In particular, BN (t) =
√
τ
∑N

i=1Xi. Consider the sequence
(BN (t))N∈N, keeping t fixed. The well-known Central Limit Theorem
states that the limit of a sequence of normalised binomial random vari-
ables has N [0, 1] distribution: if Yn =

∑n
i=1Xi, where the (Xi) are

Bernoulli, then, setting Tn = 1√
n
Yn, we obtain

lim
n→∞P (a < Tn < b) =

1√
2π

∫ b

a

e−
1
2 x2

dx for real a < b.

Now BN (t) =
√
τYN =

√
tTN , so after a simple change of variable

we conclude that

limN→∞ P (a < BN (t) < b) =
1√
2πt

∫ b

a

e−
1
2t x2

dx.

Applying this argument to the incrementsBN (t)−BN (s),with s= m
N t,

provides a normally distributed limit with mean 0 and variance (t− s).
Of course, we only have convergence in distribution, and we still need to
specify a probability space (Ω,F .P ) on which the limit can be defined,
but we now know what we might demand of the limit processB= (Bt)t

with B0 = 0, as defined in the next section.

7.3 BM: construction and properties

Definition 7.11 Let (Ω,F , P ) be a probability space. The stochastic
process B : [0,∞) × Ω → R is a Brownian Motion (BM) if:
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(a) B0 = 0 a.s.(P );
(b) for 0 ≤ s < t <∞, (Bt −Bs) ∼ N (0, t− s);
(c) for m ∈ N and 0 ≤ t1 < t2 < . . . < tm, the increments
(Bti+1 −Bti

), (i < m), are independent;
(d) the paths t→ Bt (ω) are continuous for (P )-almost all ω ∈ Ω.
The standard Brownian filtration F = (Ft)t≥0 is the augmented fil-
tration (see the discussion preceding Definition 7.4) generated by the
process B.

Note that the distribution of the increment (Bt − Bs) depends only on
the distance (t−s), so that for any u > 0, (Bt+u−Bs+u) has the same
distribution as (Bt−Bs); in other words, the increments are stationary.

Remark 7.12 We have not yet shown that such a process exists, nor
specified on what sort of probability space it can be constructed. There
are several possible choices for Ω (see e.g. [K-S],[S]), but we only
sketch the construction of the ‘canonical’ BM on ‘path space’. We also
focus on the properties of increments, rather than of B itself, for a good
reason: we might look instead for a centred process W such that for all
m > 1 and (strictly increasing) distinct (ti)i≤m, the random variables
(Wti

)i≤m are independent, with joint distribution of (Wti+t : i ≤ m)
independent of t > 0. But then it turns out that no such process can
have a.s. continuous paths! It can be made sense of by means of tem-
pered distributions and is known as ‘white noise’; but this is beyond our
scope.

By Theorem 3.21, the independence of the increments of B means that
for t1 < t2 the joint density of Bt1 = Bt1 − B0 and Bt2 − Bt1 is the
product of their individual densities. Writing

p(t, x, y) =
1√
2πt

exp
(
− (x− y)2

2t

)
for t > 0 and real x, y, and with Borel setsA1, A2, the joint distribution
P (Xt1 ∈ A1,Xt2 ∈ A2) equals∫

A1

∫
A2

p(t1, 0, x1)p(t2 − t1, x1, x2)dx1dx2.

The idea now is to treat B as a map Ω → R[0,∞), i.e. into the vector
space of all real functions on [0,∞), and seek to build a measure ν on
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this product space by specifying its projections onto cylinder sets. These
are sets in the product space whose form is determined by finitely many
coordinates, i.e. for n ≥ 1 and a Borel set B in Rn we consider the set

C(B) = {(ω(t))t≥0 ∈ R[0,∞) : (ω(t1), ω(t2), . . . , ω(tn)) ∈ B}.

This class of sets is generated by taking n-fold products
n∏

i=1

[ai, bi] of

closed intervals for the Borel sets B, in which case we have simply
specified that ω(ti) lies between ai and bi for each i ≤ n. In other
words, if we think of B as the describing the continuous motion of a
particle on the line, our observations place the particle in the interval
[ai, bi] at time ti for i ≤ n, where t1 < . . . < tn. The measure we

assign to C

(
n∏

i=1

[ai, bi]
)

is defined via its projection νt1...tn
onto Rn

∫ b1

a1

. . .

∫ bn

an

p(t1, 0, x1) . . . p(tn − tn−1, xn−1, xn)dx1dx2 . . . dxn.

We call the family of these probability measures (where n ranges over
N) the family of finite-dimensional (fi-di) distributions of B.

Exercise 7.13 Verify that B = (Bt)t≥0 is a BM iff B0 = 0, almost all
paths of B are continuous and the fi-di distributions are given as above.

To extend ν from cylinders to the σ-field B[0,∞) generated by the cylin-
ders will require that the fi-di distributions should be consistent: for
n ∈ N, real Borel sets Ai, i ≤ n and t1 < . . . < tn in [0,∞) we need:
(i) νt1...tn

(A1 × . . .×An) = νt1...tn,tn+1(A1 × . . .×An ×R) for any
tn+1 �= ti (i ≤ n).
(ii) νtσ(1)...tσ(n)(A1× . . .×An) = νt1...tn

(Aσ(1)× . . .×Aσ(n)) for any
permutation σ of the indices {1, 2 . . . n}.

These conditions are easily seen to be satisfied by our densities. More
generally, suppose that for every n ∈ N and each finite set of indices
(ti)i≤n we have a family of probability measures Jn = νt1...tn

defined
on (Rn,B(Rn)). If the collection J =(Jn)n∈N satisfies (i) and (ii), we
call it a consistent family of fi-di distributions.

Our measure and process are then given by Kolmogorov’s Con-
sistency Theorem – its proof, based on the Caratheodory Extension
Theorem, is omitted. (See e.g. [KS].)
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Theorem 7.14 Let J be a consistent family of fi-di distributions. Then
there is a probability measure ν on (R[0,∞), B[0,∞)) and a coordinate
process X on this space with Xt(ω) = ω(t) such that

ν(Xt1 ∈ A1, . . . , Xtn
∈ An) = νt1...tn

(A1 × . . .×An).

This provides a candidate for BM, but we have no information about its
paths.

First, we derive some familiar properties of the BM defined in
Definition 7.11. Recall that the characteristic function of a ran-
dom variable X is given by φ(λ) = E[eiλX ] for real λ (i is the
imaginary unit). φ determines the moments of X via the formula
inE[Xn] = dn

dλn |λ=0
(φ(λ)) – i.e. where the derivatives are computed

at λ = 0.

Proposition 7.15 BM B = (Bt)t≥0 has the following properties for
s, t ≥ 0:

(i) Bt ∼ N (0, t);

(ii) Cov(Bs, Bt) = min(s, t);

(iii) Bt has characteristic function φ(λ) = e−
1
2 λ2t, λ ∈ R;

(iv) E
[
B4

t

]
= 3t2.

Proof (i) is immediate, as the density of Bt = Bt − B0 is fBt
(x) =

1√
2πt

exp
(
−x2

2t

)
For (ii), we have, with s ≤ t

Cov(Bs, Bt) = E[(Bt −Bs +Bs)Bs] = 0 + E
[
B2

s

]
= s

since (Bt − Bs) and Bs are independent, hence uncorrelated
(Exercise 5.14). For (iii) complete the square in the exponent∫ ∞

−∞
eiλxe−

x2
2t dx = e−

1
2 λ2t

∫ ∞

−∞
e
− 1

2

(
x−iλt√

t

)2

dx =
√

2πte−
1
2 λ2t

since
∫∞
−∞ e−

1
2 y2

dy =
√

2π, so that E[eiλX ] = e−
1
2 λ2t. Now (iv)

follows on applying the above moment formula.

Recall: a random vector is a measurable map X = (Xi)i≤d from Ω
to Rd, with mean vector μ = (E[Xi])i=1,...,d and covariance matrix



7.3 BM: construction and properties 87

V = [σij ]i,j≤d; σij = Cov(Xi,Xj). We call X multivariate Gaussian
N (μ,V) if its joint density is given by

1
(2π)d/2

(detV)−
1
2 exp

[
−1

2
(x − μ)T V−1(x − μ)

]
for x ∈ Rd. (Here T denotes the transpose.) If V is diagonal (i.e.
Cov(Xi,Xj) = 0 for i �= j), then the form of the density shows that the
(Xi) are independent (and the converse holds trivially). Now (ii) above
leads at once to a further characterisation of BM. We call a stochastic
processX = (Xt)t≥0 a Gaussian process if all its fi-di distributions are
multivariate Gaussian. It is centred if E[Xt] = 0 for all t.

Exercise 7.16 Show that a centred Gaussian process X on [0, T ] with
X0 = 0 a.s. is a BM on [0, T ] iff (i) it has a continuous version and (ii)
Cov(Xs,Xt) = min(s, t) for all 0 ≤ s, t ≤ T. (Hint: use (ii) to show
that the increments are uncorrelated.)

Use this characterisation to verify the following symmetry properties
of BM; if B is BM, so are:

(i) −B (reflection),

(ii)
(

1
cBc2t

)
t

for c > 0 (scaling),

(iii) (Bt+u −Bu)t for u > 0 (stationarity),

(iv) (Zt = tB1/t if t > 0,Z0 = 0) (inversion) (Warning: Proving
continuity at 0 is rather more challenging than the rest, and may be
safely omitted here! The brave student should consult [S, p. 59] for a
nice approach.)

Return to consider the paths of B: a first thought might be that the set
C[0,∞) of continuous functions [0,∞) → R might be a full set for
P, but this is hopeless, as C[0,∞) is not even in the σ-field B[0,∞).

(All sets in this σ-field are determined by countably many coordinates.)
However, we can use Proposition 7.15(iv) to show that B has a version
with a.s. continuous paths; for this, Kolmogorov’s Continuity Theorem –
whose proof is also omitted, see [K-S] – does the trick:

Theorem 7.17 Let X = (Xt)t≥0 be a stochastic process and
T > 0. If there exist positive α, β,C such that for all s, t in
[0, T ], E[|Xt −Xs|β ] ≤ C |t− s|1+α

, then X has a version with a.s
continuous paths.
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This version can be taken as locally Hölder-continuous in that for

γ ∈
(
0, α

β

)
we have |Xt −Xs| ≤ C |t− s|γ .

For BM B, we take C = 3, β = 4 and α = 1 to conclude that B
has a continuous version BT on [0, T ] for any T > 0. Now define
ΩT =

{
ω : BT

r (ω) = Br(ω), r ∈ [0, T ] ∩ Q
}

, then ΩT is in B[0,∞),
since Br(ω) = ωr, so that ΩT is determined by countably many coor-
dinates. Also, ν(ΩT ) = 1 since BT is a version of B. On the set
Ω= ∩T∈N ΩT , which has ν(Ω) = 1, the random variables BS

r , B
T
r

coincide at each rational r ≤ min(S, T ) and both are continuous, hence
they coincide on [0,min(S, T )] for every ω ∈ Ω. For each fixed t ≥ 0,
denote this common value by Bt(ω) if ω ∈ Ω and set Bt(ω) = 0
if ω /∈ Ω. The process (Bt)t≥0 satisfies the definition of BM. For
simplicity, we write B = (Bt)t≥0 for (Bt)t≥0 and P instead of ν,
and refer simply to a BM B defined on a probability space (Ω,F , P )
without specifying the construction. With the standard Brownian filtra-
tion F = (Ft)t≥0 (see Definition 7.11), we obtain the filtered space
(Ω,F ,F, P ).

7.4 Martingale properties of BM

BM gives rise to some fundamental F-martingales:

Proposition 7.18 Let B = (Bt)t∈[0,T ] be a BM on the filtered space
(Ω,F ,F, P ). The following are (F, P )-martingales:

(i) B;

(ii) X = (Xt)t≥0, where Xt = B2
t − t (hence t→ t is the compensator

of the submartingale B2);

(iii) Y = (Yt)t≥0, where Yt = exp
(
cBt − 1

2c
2t
)
, where c ∈ R.

Proof For 0 ≤ r ≤ s ≤ t, the increments (Bt−Bs) andBr−B0 = Br

are independent. But Gs , hence Fs, is generated by {Br : r ≤ s} so
(Bt −Bs) is independent of any Fs-measurable function, hence of Fs.

So E[(Bt − Bs)|Fs] = 0. For (ii), we know from Remark 7.6 that for
s ≤ t

E
[(
B2

t −B2
s

)
|Fs

]
= E[(Bt −Bs)2|Fs] = E[(Bt −Bs)2] = t− s.



7.4 Martingale properties of BM 89

Finally, (iii) follows from Definition 7.11(c)

E[Yt|Fs] = exp
(
cBs −

1
2
c2t

)
E[exp(c(Bt −Bs))|Fs]

= exp
(
cBs −

1
2
c2t

)
E[exp(c(Bt −Bs))]

= exp
(
cBs −

1
2
c2t

)
exp

(
1
2
c2(t− s)

)
= Ys

since c(Bt −Bs) ∼ N (0, c2(t− s)).

Remark 7.19 Paul Lévy proved a remarkable ‘converse’ to Proposition
7.18, which characterises BM among path-continuous martingales:

Lévy’s Theorem: Given a path-continuous martingale M = (Mt)t

with M0 = 0 and such that N = (Nt)t, where Nt = M2
t − t, is again

a martingale, then M is a Brownian Motion.
We do not have all the machinery to prove this, but the following

computation illustrates the idea behind the proof.
Recall from the discussion preceding Proposition 7.15 that the char-

acteristic function φ(λ) = E[eiλX ] determines the distribution of the
random variable X, so that to prove that for s < t the increment
Mt −Ms ∼ N (0, t− s), it will suffice to show that

E(eiu(Mt−Ms) = e−
1
2 u2(t−s).

Being normally distributed, the increments of M are independent iff
they are uncorrelated, and the latter follows at once from the martingale
property of M . Thus Lévy’s Theorem will follow if we show that the
characteristic function of M has the above form.

Using Taylor’s formula, we can write

eiu(Mt−Ms) = 1 + iu(Mt −Ms) −
1
2
u2(Mt −Ms)2 + ε.

Take expectations, and recall that E[Mt −Ms] = 0

E

[
1 + iu(Mt −Ms) −

1
2
u2(Mt −Ms)2 + ε

]
= 1 − 1

2
u2E[Mt −Ms]2 + ε′.
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Now E[(Mt −Ms)2] = EM2
t − 2E[MtMs] + EM2

s , and E
(
M2

t

)
= t

since Nt = M2
t − t is a martingale null at 0, while

E[MtMs] = E[E(MtMs|Fs)] = E[MsE(Mt|Fs)]

= E
[
M2

s

]
= s,

which shows that E[Mt −Ms]2 = t− s.

For a complete proof, we would have to show that the remainder ε′

can be recast suitably to yield

1 − 1
2
u2(t− s) + ε′ = e−

1
2 u2(t−s),

which may seem plausible, but is rather technical. We discuss an
alternative approach to Lévy’s result at the end of Chapter 8.

The exponential martingale Yt = exp
(
cBt − 1

2c
2t
)

of Proposition
7.18(iii) plays a fundamental role in applications, as we will confirm
in Chapter 8. We shall use it (following [S]) to arrive at a change of the
underlying probability measure which turns a ‘Brownian Motion with
drift’, i.e. Xt = Bt + ct for t ∈ [0, T ], into a genuine BM.

First compute expectations of the form E[f(Xti
,Xt2 , . . . , Xtn

)],
where f : Rn→ R is a bounded Borel function, and 0 = t0 < t1 <

. . . < tn = T. Since we can always find g such that

f(x1, x2, . . . , xn) = g(x1, x2 − x1, . . . , xn − xn−1),

it suffices to consider the density of the random vector

X = (Xt1 ,Xt2 −Xt1 , . . . , Xtn
−Xtn−1),

which will allow us to exploit the independence of Brownian incre-
ments. To ease the notation, write Δi = ti − ti−1, Δix = xti

− xti−1

(with x0 = 0), and similarly for ΔiX and ΔiB. The density of X

has the form k
n∏

i=1

exp 1
2Δi

(−Δix − cΔi)2, with normalising constant

k = 1√
(2π)nt1Δ1Δ2...Δn

. Expanding the square, the density can be

written as

k

n∏
i=1

exp
(
− (Δix)2

2Δi

) n∏
i=1

exp
(
cΔix− 1

2
c2Δi

)

= k

n∏
i=1

exp
(
− (Δix)2

2Δi

)
exp

(
cxtn

− 1
2
c2tn

)
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since
n∏

i=1

exp
(
cΔix− 1

2c
2Δi

)
= exp

[
c

n∑
i=1

Δix− 1
2c

2
∑n

i=1 Δi

]
.

But k
n∏

i=1

exp
(
− (Δix)2

2Δi

)
expresses the joint density of the Brownian

increments, so that (independently of the choice of the (ti)i≤n) we
obtain

E[f(Xt1,Xt2 , . . . , Xtn
)] = E[f(Bt1 , Bt2 , . . . , Btn

)]YT ,

where Yt = exp
(
cBt − 1

2c
2t
)

is the martingale defined in Proposition
7.18 (iii). This is known as the tilting formula, since it ‘tilts’ the proba-
bilities of the Brownian paths towards those of a BM with ‘drift’ c. (To
go the other way, replace c by −c.)

To use this formula to effect a useful change of measure, we must
return to the abstract point of view described in Section 7.1, under
which a (path-)continuous stochastic process is regarded as a point in
the space C[0, T ] (with its sup norm). This led to the canonical con-
struction of BM as a process defined onC[0, T ], equipped with its Borel
σ-field B[0,T ], and Bt(ω) = ω(t) for ω ∈ C[0, T ] with ω(0) = 0.
Any continuous stochastic process X = (Xt)t≤T , defined on some
(unspecified) probability space (Ω′,F ′, μ′) induces a probability mea-
sure on (C[0, T ],B) by setting μ(A) = μ′(X−1(A)). We say that μ
corresponds to the process X.

In particular, let P be the probability corresponding to the standard
BM B on (C[0, T ],B) and suppose that Q corresponds to the process
X above, with Xt = Bt + ct. We claim that, for any bounded Borel
function Z defined on C[0, T ] we have (with expectations under P,Q
denoted via subscripts)

EQ[Z] = EP [ZYT ].

The proof employs a standard monotone class argument: first, since
bounded Borel functions are a.e. limits of simple functions and inte-
gration is linear, we only need to check the identity for Z = 1A, where
A ∈ B. First let A have the form A = {ω : ai ≤ ω(ti) ≤ bi, i ≤ n} for
a partition (ti)i≤n as above and real ai < bi, i ≤ n. The tilting formula
shows that the desired identity holds for 1A if A is such a set. The class
S of these sets is a π-system and if C is the collection of setsA for which
Z = 1A satisfies the identity, then C is a d-system containing S. Thus
the identity holds for all A in σ(S), and therefore for all Borel sets.
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What all this amounts to is summarised in the following result. Note
that our arguments require the processes to be defined on C[0, T ]. In
Chapter 8 we outline a proof, based on Lévy’s Theorem and martingale
calculus, which avoids this restriction. We state the result in the general
form.

Lemma 7.20 (Girsanov’s Theorem – special case) Suppose that B is
Brownian Motion on the filtered space (Ω,F ,F, P ) and that the proba-

bility measure Q is defined by dQ
dP = exp

(
−cBT − c2

2 T
)

on F = FT .

Then the process B∗ defined by B∗
t = ct+Bt is a Brownian Motion on

(Ω,F ,F, Q).

7.5 Variation of BM

In Chapter 6 we showed how linear combinations of discrete-time pre-
dictable processes and martingale differences provide new martingales
which we described as analogous to ‘stochastic integrals’. To explore
this idea for BM, we must first examine how ‘wild’ typical paths of BM

can be. First, observe that E

[(
Bt+h−Bt

h

)2
]

= 1
h for h > 0. Hence

if h → 0, the ‘differential ratios’ diverge in L2-norm at each t. In fact
(although our argument does not prove it!), it can also be shown that
almost all paths are nowhere differentiable. (See [K-S] for the rather
technical proof.) So we begin by examining the variability of the paths,
guided by the special case of the scaled random walk BN discussed in
Section 7.2.

Definition 7.21 Fix T > 0, a process X = (Xt)t∈[0,T ], t ≤ T, n ∈ N.
Let πn = {ti : 0 = t0 < t1 < .. < tn = t} be a partition of [0, t].
Write Δn

i X = (Xti+1 −Xti
), and set

V p
n (t,X) =

n−1∑
i=0

|Δn
i X|p

for p > 0. Now let V p
[0,t](X), be the limit in probability (if it exists)

of V p
n (t,X) for a sequence of partitions πn whose mesh ρ(n) =

max |ti+1 − ti| goes to 0. V p
[0,t](X) is the pth variation of X on [0, t].
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Our interest is in the cases p = 1 and p = 2. We again denote the
quadratic variation V 2

[0,t](X) by [X]t. When X = BN , we recover the
results of Exercise 7.9. For X = B, fix a sequence of partitions πn with
mesh going to 0 and for the subintervals of πn write Δn

i =
(
tni+1 − tni

)
.

Now Δn
i B ∼ N (0,Δn

i ), so that E[(Δn
i B)2] = Δn

i , and by Proposi-
tion 7.15(iv), E[(Δn

i B)4] = 3 (Δn
i )2. Using the independent centred

random variables Xn
i = (Δn

i B)2 − Δn
i , we have

E[(Xn
i )2] = V ar

(
(Δn

i B)2
)

= E[(Δn
i B)4] − (Δn

i )2 = 2 (Δn
i )2 .

This leads to:

Proposition 7.22 Brownian Motion B has infinite variation, but finite
quadratic variation, on [0, T ]. In fact, [B]t = t (t ∈ [0, T ]).

Proof Write

E

[(
V 2

n (t, B) − t
)2]

= E

[
n−1∑
i=0

(
(Δn

i B)2 − Δn
i

)2
]
.

By definition of Xn
i , the RHS equals E

[ (∑n−1
i=0 X

n
i

)2 ]
=

n−1∑
i=0

E

[
(Xn

i )2
]

+
∑
i
=j

E (Xn
i ) E

(
Xn

j

)
= 2

n−1∑
i=0

(Δn
i )2 ≤ 2ρ(n)t,

and this goes to 0 with the mesh size of πn. Convergence in L2-norm
implies convergence in probability, so the quadratic variation of B on
[0, t] is [B]t = t.

Note that V 2
n (t, B) ≤ (maxi<n

∣∣Bti+1 −Bti

∣∣).Vn(t, B), and by
continuity of t → Bt the first term on the right goes to 0 as ρ(n) → 0.
Since the LHS goes to t > 0, it follows that Vn(t, B) → ∞.

This result illustrates our problem, but also suggests a possible solution.
The problem is that the only ‘integrators’ F : [0, T ] → R for which
Stieltjes integrals

∫ T

0
gdF can be defined for all (bounded) continuous

real functions on [0, T ] are functions of bounded variation, i.e. such
that T[0,T ](F ) = supVn(T, F ) is finite, where the sup is taken over all
partitions. This results from an application of the uniform boundedness
principle in Functional Analysis, which states that, given a family (Tα)
of bounded linear maps from a Banach space E to a normed space and
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such that for each x ∈ E, supα ||Tαx|| is finite, then supα ||Tα|| < ∞,
i.e. the family is uniformly bounded. (See e.g. [R] for a proof.) In par-
ticular, for the Banach space C[0, T ] of continuous functions on [0, T ],
with ||f || = supx∈[0,T ] |f(x)|, and any sequence of partitions (πn)n of
[0, T ], the linear functionals (Ln)n defined by

Ln(g) =
n−1∑
i=0

g(ti) |Δn
i F |

for g ∈ C[0, T ] are therefore uniformly bounded. Now the function with
h(ti) = 1, when Δn

i F ≥ 0, h(ti) = −1 otherwise, can be extended by
linear interpolation to h ∈ C[0, T ], so that supn ||Ln|| < ∞ implies
T[0,T ](F ) <∞.

One consequence is that an ‘integral’
∫ 1

0
gs(ω)dB(ω) cannot be

defined pathwise for all g ∈ C[0, 1]. However, finiteness of the
quadratic variation suggests an alternative approach as long as we are
content with L2-norm convergence, and allow only adapted integrands.
Note that the definition of h(t) above depends on the ‘future’ value of
F at ti+1 for any t ∈ [ti, ti+1]; if we restrict to adapted integrands, we
can still hope to define their integral against Brownian Motion.
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Stochastic integrals

Observation of dynamic phenomena, such as population growth,
weather changes, electronic signals, stock market values, etc., invari-
ably suffers from inaccuracy caused by limitations in measurement
precision or external disturbances. Mathematically we can treat these
as ‘random errors’ which limit our information of the behaviour of
the observed phenomenon. In developing predictive models we seek
to introduce the random error term into the dynamic equations of our
model. For exponential population growth models, this could take the
form dNt = Nt(μtdt+ σtdBt), N0 = a, where Nt represents popula-
tion size at time t, μt is the average growth rate and σtdBt represents the
effect of random fluctuations about the average. In all that follows we
assume given a BM B on some filtered space (Ω,F ,F, P ) . We exploit
the finiteness of its quadratic variation to make mathematical sense of
the dB term. Only an outline of the theory of Itô processes and their
calculus can be given here: [B-Z] is a good basic reference, while [S]
provides many of the details we omit, as well as describing the con-
text of our main application – the Black–Scholes model in finance –
in detail. For the general martingale calculus, touched on in the final
section, the compendious [D-M] remains the indispensable bible, well
complemented by e.g. [R-W], [R-Y].

8.1 The Itô integral

As for random variables, so for processes:

95



96 Stochastic integrals

Definition 8.1 An F-adapted process h on [0, T ] × Ω is simple if for
a partition π = {0 = t0 < t1 < . . . < tn = T} and Fti

-measurable
random variables (hi)i<n, ht satisfies

ht(ω) =
n−1∑
i=0

hi(ω)1(ti,ti+1](t) for 0 ≤ t ≤ T, ω ∈ Ω.

Definition 8.2 The Itô integral of the simple process h is defined as∫ T

0

hsdBs =
n−1∑
i=0

hiΔπ
i B =

n−1∑
i=0

hi(Bti+1 −Bti
)

whenever hi ∈ L2(Fti
) for all i ≤ n.

We shall follow convention in using ‘forward’ increments Δπ
i B =

(Bti+1 − Bti
) of BM, whereas in Chapter 6 we used ‘backward’

increments, again in line with common usage. As long as we remain
consistent in a specific context, this apparent contrast causes no diffi-
culty: note that in Chapter 6 the ‘integrand’ was, as here, measurable
with respect to the ‘earlier’ σ-field.

The above stochastic integral is simply a transform of the (finite)
discrete martingale (Bti

)i=0,1,...,n−1 and is therefore automatically
an (F, P )-martingale for each simple L2-process h. The vector space
H2

[0,T ] of simple L2-processes is a subset the following vector space of
measurable processes f = (ft)t∈[0,T ]

M2
[0,T ] =

{
f : F-adapted,E

[∫ T

0

f2
t dt

]
<∞

}
.

Note that M2
[0,T ] is a closed subspace of L2(dP × dt). One of our

main tasks will be to show that M2
[0,T ] is the closure of H2

[0,T ] in the

L2-norm. First we note some elementary properties of the integral on
H2

[0,T ]

Proposition 8.3 For h ∈ H2
[0,T ] :

(i) E

[∫ T

0
htdBt

]
= 0;

(ii) (Itô isometry) E

[(∫ T

0
htdBt

)2
]

= E

[∫ T

0
h2

tdt
]
.
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Proof (i) follows as the integral is a martingale transform. The proof of
(ii) is identical to the calculation in Section 6.3, but is repeated briefly
for emphasis

E

⎡⎣(∫ T

0

htdBt

)2
⎤⎦ = E

⎡⎣(n−1∑
i=0

hiΔπ
i B

)2
⎤⎦

= E

⎡⎣ n−1∑
i,j=0

hihjΔπ
i BΔπ

jB

⎤⎦.
As in Section 6.3, the cross terms vanish, since for i < j

E
[
hihjΔπ

i BΔπ
jB

]
= E [(hihjΔπ

i B) E
[
Δπ

jB|Ftj

]
= 0.

So E

[(∫ T

0
htdBt

)2
]

=
∑n−1

i=0 E

[
h2

i E

[
(Δπ

i B)2 |Fti

]]
. But this is∑n−1

i=0 E
[
h2

i (ti+1 − ti)
]

= E

[∫ T

0
h2

tdt
]
.

The Itô isometry (ii) is key to the extension of the integral from H2
[0,T ] to

M2
[0,T ]. On the right we have the square of the L2([0, T ]×Ω)-norm of

the function h : [0, T ] × Ω → R, while on the left the integral IT (h) =∫ T

0
htdBt is shown to be an element of L2(Ω). As an element of

L2(dP × dt), f ∈ M2
[0,T ] has norm ||f ||M2

[0,T ]
=
(
E

[∫ T

0
f2

t dt
])1/2

,

so that (ii) displays the integral operator IT : h →
∫ T

0
htdBt as an

isometry from
(
H2

[0,T ], ||·||M2[0,T ]

)
into (L2(Ω), ||·||2), as it implies

that ||IT (h)||2 = ||h||M2
[0,T ]

. Since the map is continuous, the integral

IT (f) can now be defined uniquely for any f in the closure of H2
[0,T ]in

the M2
[0,T ]-norm, by defining

IT (f) = limn→∞ IT (hn), where hn ∈ H2
[0,T ], ||hn − f ||M2

[0,T ]
→ 0.

Exercise 8.4 Verify that the integral on H2
[0,T ] preserves inner products

as a map between the Hilbert spaces M2
[0,T ] and L2(Ω).

It remains to identify M2
[0,T ] as the closure of H2

[0,T ]. We do this in
stages:
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Lemma 8.5 Let t → f(t) be continuous as a map [0, T ] → L2(Ω)
and πn = (ti)i<n a refining sequence of partitions of [0, T ] (recall
that this means that πn ⊂ πn+1 for each n). Assume that the mesh
ρn = maxi|ti+1 − ti| of πn goes to 0 and n → ∞. Set hn(t, ω) =∑n−1

i=0 f(ti, ω)1(ti,ti+1](t) on [0, T ] × Ω. Then hn ∈ H2
[0,T ] and

||f − hn||M2
[0,T ]

→ 0 as n→ ∞.

Proof Since t → f(t) is continuous, it is uniformly continuous on
[0, T ], so E[{f(t) − hn(t)}2] can be made less than ε

T uniformly in t:
take n such that E[f(t, ω) − f(ti, ω)2] < ε

T if t ∈ (ti, ti+1], i < n.

Hence
∫ T

0
E[{f(t) − hn(t)}2]dt < ε for such n.

To prepare for the second step, we show that for bounded f in M2
[0,T ],

fn(t, ω) =
∫∞
0
e−xf

(
t− x

n , ω
)
dx (where we set f(s, ·) = 0 if

s /∈ [0, T ]) is again in M2
[0,T ]. For this, note that the integrand

g(x, t, ω) = e−xf
(
t− x

n , ω
)

is B[0,∞) × B[0, T ] × F-measurable,
so that by Fubini’s Theorem the integral fn is B[0, T ]×F-measurable.
Similarly, for fixed t ≤ T the integrand is B[0,∞)×Ft-measurable, so
ω → fn(t, ω) is Ft-measurable, hence fn is F-adapted. Finally, since
fn is bounded, ||fn||M2

[0,T ]
is finite.

We need a further result about real functions:

Lemma 8.6 If g ∈ L2([R,B,m) and gs(t) = g(t−s) for real s, t, then
s→ gs is bounded and uniformly continuous as a map R → L2.

Proof The Lebesgue measure m is translation-invariant, therefore∫
R
[g(t − s)]2dm(t) =

∫
R
[g(t)]2dm(t), so gs is L2-bounded. The con-

tinuity claim is that given ε > 0 we can find δ > 0 such that |s− t| < δ

implies ||gs − gt||2 < ε. To prove this, recall (see e.g. [C-K, Theorem
4.39]) that there is a continuous function h with h = 0 off some interval
(−K,K) such that ||g − h||2 < ε

3 . But h is uniformly continuous on
[−K,K], so we can find 0 < δ < K with |h(s) − h(t)| < ε

3(3K)1/2

whenever |s− t| < δ. For such s, t∫
R

|h(u− s) − h(u− t)|2 du ≤
(ε

3

)2 2K + δ

3K
,
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hence

||gs − gt||2 ≤ ||gs − hs||2 + ||hs − ht||2 + ||ht − gt||2
≤ ||hs − ht||2 + 2 ||g − h||2 < ε,

where the final inequality again results from translation-invariance ofm.

Now we can prove the key lemma.

Lemma 8.7 The ||·||M2
[0,T ]

closure of H2
[0,T ] includes all bounded

functions in M2
[0,T ].

Proof If f is bounded and in M2
[0,T ] and fn is as above, then by

Jensen’s inequality and with y = x/n

E

[∣∣∣∣∫ ∞

0

e−x
{(
f
(
t+ s− x

n

)
− f

(
t− x

n

)}
dx

∣∣∣∣2
]

≤ E

[∫ ∞

0

e−x
∣∣∣f (t+ s− x

n

)
− f

(
t− x

n

)∣∣∣2 dx]
≤ nE

[∫ ∞

0

|f(t+ s− y)| − f(t− y)|2dy
]

→ 0 as s→ 0 (by uniform continuity).

So fn is continuous and thus in the closure of H2
[0,T ]. To prove that f is

also in the closure, we need to show that

||f − fn||2M2
[0,T ]

= E

[∫ T

0

∣∣∣∣f(t) −
∫ ∞

0

e−xf
(
t− x

n

)
dx

∣∣∣∣2 dt
]
→ 0

as n → ∞. But since
∫∞
0
e−xdx = 1, we need only estimate, using

Jensen, and writing F (t, z) = [f(t) − f(t− z)]

E

[∫ T

0

∣∣∣∣∫ ∞

0

e−xF
(
t,
x

n

)
dx

∣∣∣∣2 dt
]

≤ E

[∫ T

0

∫ ∞

0

e−x
∣∣∣F (

t,
x

n

)∣∣∣2 dxdt]

= E

[∫ ∞

0

e−x

{∫ T

0

∣∣∣F (
t,
x

n

)∣∣∣2 dt} dx

]
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and the inner integral in the last expression goes to 0 as n → ∞, by
Lemma 8.6, and by the DCT so does the expression itself. Thus we have:

Theorem 8.8 M2
[0,T ] is the ||·||M2

[0,T ]
-norm closure of H2

[0,T ].

Proof Let f ∈ M2
[0,T ] be given and truncate it at n, so that fn = f

when |f | ≤ n and 0 otherwise. We know from Exercise 3.7 that this
does not destroy any measurability. As fn is bounded it is in the closure
of H2

[0,T ]. Also, by Fubini and the DCT

||fn − f ||M2
[0,T ]

=
∫ T

0

E[(fn(t) − f(t))2]

=
∫ T

0

∫
{|f(t)|>n}

(fn(t) − f(t))2dPdt→ 0 as n→ ∞.

We summarise all this in the following definition:

Definition 8.9 The Itô integral IT (f) =
∫ T

0
ftdBt is defined for f in

M2
[0,T ] as the unique extension of IT (hn), via the Itô isometry: if (hn)n

in H2
[0,T ] satisfies

limn→∞ ||hn − f ||M2
[0,T ]

= 0,

then IT (f) := limn IT (hn).

The uniqueness of the limit is clear: for, if (hn) and (gn) are sequences
in H2

[0,T ] converging to f ∈ M2
[0,T ], then so does the sequence

g1, h1, g2, h2 . . .. Hence the sequence

IT (g1), IT (h1), IT (g2), IT (h2), . . .

of its integrals has an L2-limit, and thus all its subsequences have the
same limit; in particular, limn(IT (gn)) = limn IT (hn).

The main properties of the integral extend easily:

Theorem 8.10 For f in M2
[0,T ] :

(i) E

[∫ T

0
ftdBt

]
= 0;

(ii) E

[(∫ T

0
ftdBt

)2
]

= E

[∫ T

0
f2

t dt
]
.
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Proof For simple functions, (hn)n (i) holds by Proposition 8.3. More-

over, E

[(∫ T

0
hn(t)dBt

]
−
∫ T

0
ftdBt

]) 2

converges to 0 for some

sequence of simple functions (h(n))n. But L2-convergence implies

L1-convergence, so E

[∫ T

0
ftdBt

]
= 0.

(ii) Isometry is preserved in the limit: ||IT (hn)||2 = ||hn||M2
[0,T ]

for

all n, so ||IT (f)||2 = ||f ||M2
[0,T ]

if hn → f.

8.2 The integral as a martingale

We consider the integral over [0, t] for any t ≤ T and seek to con-

struct a stochastic process (t, ω) → It(f)(ω) =
(∫ t

0
fudBu

)
(ω) on

[0, T ] × Ω, for any fixed f ∈ M2
[0,T ]. But now we have to contend

with the fact that It(f), as in Definition 8.9, is defined a.s.(P ) for each
t, and the union of the exceptional sets need not be 0. So we do not
yet have a definition of a viable process (It(f))t∈[0,T ].. Path-continuity
properties will help to overcome this, as we can then restrict attention
to a countable dense set of indices in [0, T ] (e.g. rationals). Note that
1[0,t]f : (s, ω) → 1[0,t](s)fs(ω) is in M2

[0,T ], since the measurabil-

ity properties of f remain intact, and
∣∣∣∣1[0,t]f

∣∣∣∣
M2

[0,T ]
≤ ||f ||M2

[0,T ]
.

Thus IT (1[0,t]f) =
∫ T

0
1[0,t](s)fdBs is well-defined. We now show

that IT (1[0,T f) has a versionM = (Mt)t∈[0,T ] (see Definition 7.1) that

is a continuous F-martingale. It is then natural to write Mt =
∫ t

0
fsdBs

for t ∈ [0, T ].

Theorem 8.11 If f ∈ M2
[0,T ], there is a continuous martingaleM such

that for each t ∈ [0, T ], P
(
Mt =

∫ T

0
1[0,t](s)fdBs

)
= 1.

Proof Take (h(n))n in H2
[0,T ] converging to f in norm, then for each n

E

[∫ T

0

(1[0,t](s)h(n)(s))2ds

]
= E

[∫ t

0

[h(n)(s)]2ds
]
<∞,

so that M (n)
t =

∫ T

0
(1[0,t]h

(n))(s)dBs is well-defined. On the other
hand, 1[0,t]h

(n) is a simple function. More precisely, if the partition
πn = {0 = t0 < t1 < . . . < tKn

= T} defines h(n) =∑Kn

i=0 1(ti,ti+1]hi, with hi in L2(Fti
) and t ∈ (tm, tm+1], then
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(1[0,t]h
(n))(s) =

m−1∑
i=0

1(ti,ti+1](s)hi(ω) + 1(tm,t](s)hm(ω).

The Itô integral of 1[0,t]h
(n) is, by Definition 8.1

M
(n)
t =

∫ T

0

(1[0,t]h
(n))(s)dBs =

m−1∑
i=0

hi(s)Δn
i B+ hm(s)(Bt −Bti

)

and this is (a.s.(P )) continuous in t since t → Bt is. To obtain our
Mt as a limit of M (n)

t , we need uniform continuity. We first check that

each
(
M

(n)
t

)
t∈[0,T ]

is a martingale – the easy calculation is left as an

exercise. Apply the strengthened Doob inequality (see Theorem 7.8) to

the positive submartingale
∣∣∣M (n)

t −M
(k)
t

∣∣∣ with p = 2

λ2P
(
supt∈[0,T ]

∣∣∣M (n)
t −M

(k)
t

∣∣∣ > λ
)
≤ E

[(
M

(n)
T −M

(k)
T

)2
]
.

Using the Itô isometry, the RHS becomes

E

⎡⎣{∫ T

0

(h(n)(s) − h(k)(s))dBs

}2
⎤⎦

= E

[∫ T

0

(h(n)(s) − h(k)(s))2ds

]
,

which is just ||h(n) − h(k)||M2
[0,T ]

.

But the sequence (h(n))n converges to f in L2 norm, so it is
Cauchy in this norm. Hence we can find a subsequence (nj)j≥1 with

||h(nj) − h(k)||M2
[0,T ]

<
(

1
8

)j
for all k > nj , j = 1, 2 . . . So for

each j ≥ 1, E

[(
M

(nj)
T −M

(k)
T

)2
]
<

(
1
8

)j
whenever k > nj . Take

λ = 2−j ; the Doob inequality gives

P

(
sup

t∈[0,T ]

∣∣∣M (nj)
t −M

(nj+1)
t

∣∣∣ > 1
2j

)
≤ 1

2j
.

Let Aj =
{
ω : supt∈[0,T ]

∣∣∣M (nj)
t (ω) −M

(nj+1)
t (ω)

∣∣∣ ≤ 1
2j

}
, so that∑

j≥1 P
(
Ac

j

)
≤

∑
j≥1

1
2j < ∞, and the first BC Lemma yields

P
(
lim supj A

c
j

)
= 0, and by Exercise 1.10 P (lim infj Aj) =

1. So for P -almost all ω we find L(ω) ∈ N such that
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supt∈[0,T ]

∣∣∣M (nj)
t (ω) −M

(nj+1)
t (ω)

∣∣∣ ≤ 1
2j for all j ≥ L(ω). So(

M
(nj)
t (ω)

)
j

is Cauchy in the norm of C[0, T ], hence converges to

an element of this Banach space, for a full set of ω. Denote the limit by
Mt(ω) and put Mt(ω) = 0 on the exceptional null set.

Our estimates also show that for each fixed t ∈ [0, T ], the ran-

dom variables
(
M

(nj)
t

)
j

converge in L2-norm, and since each M (n)

is a martingale, so is M : we have E

[
M

(nj)
t |Fs

]
= M

(nj)
s for all

j when s ≤ t, and we need to show that this also holds in the
limit. On the right, for each s, the random variables M

(nj)
s con-

verge in L2-norm, so some subsequence converges a.s., so in the
limit we obtain Ms. On the left we have E[Mt|Fs] in the limit
since X → E[X|G] does not increase the L2-norm (Proposition
5.23(x)), hence we can again argue as on the right. Finally, we
check that the continuous martingale M equals

∫ T

0
(1[0,t]f)(s)dBs :

||1[0,t]h
(nj) − 1[0,t]f ||M2

[0,T ]
≤ ||h(nj) − f ||M2

[0,T ]
→ 0, so that∣∣∣| ∫ T

0
(1[0,t]h

(nj) − 1[0,t]f(s))dBs

∣∣∣ |2 → 0 by the Itô isometry. But by

construction of Mt,
∣∣∣∣∣∣∫ T

0
(1[0,t]h

(nj)(s)dBs −Mt

∣∣∣∣∣∣
2
→ 0. So Mt =∫ T

0
(1[0,t]f)(s)dBs P -a.s. This completes the proof.

Example 8.12 Since we do not distinguish between different versions
of a process, this result displays the Itô integral on [0, T ] as a linear map
I from M2

[0,T ] into M2
c [0, T ], the vector space of continuous square-

integrable martingales. But BM B on [0, T ] is a member of M2
[0,T ]:

(Bt) is a measurable adapted process and, using Fubini

E

[∫ T

0

B2
t dt

]
=
∫ T

0

E
[
B2

t

]
dt =

∫ T

0

tdt =
T 2

2
<∞.

So it is natural to ask what the random variable It(B) =
∫ t

0
BsdBs

looks like. The normal rules of calculus would lead to the guess
1
2B

2
t , but the normal rules do not apply! The correct value is∫ t

0
BsdBs = 1

2B
2
t − 1

2 t. (You may verify this directly: use the
identity a(b − a) = 1

2 (b2 − a2) − 1
2 (b − a)2 for successive val-

ues a = B
t
(n)
j
, b = B

t
(n)
j+1

for partitions
(
t
(n)
j

)
j≤n

of [0, T ],
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then show that
∑n−1

j=0 Bt
(n)
j

(
B

t
(n)
j+1

−B
t
(n)
j

)
converges in L2-norm

to 1
2

(
B2

T − T
)
. With a little effort this leads to our claim. See

[B-Z] if you get stuck.) As further evidence, we compare means

and variances on the two sides: on the left, E

[∫ t

0
BsdBs

]
= 0 as

the integral is a centred martingale, and on the right the mean is
0 since E

[
B2

t

]
= t. The variances on the two sides also agree:

E

[(∫ t

0
BsdBs

)2
]

= E

[∫ t

0
B2

sds
]

=
∫ t

0

(
E
[
B2

s

])
ds = 1

2 t
2 and

E

[(
1
4

(
B2

t − t
)2] = 1

4

(
E
[
B4

t

]
− t2

)
= 1

4 (3t2 − t2) = 1
2 t

2.

8.3 Itô processes and the Itô formula

Thus the stochastic integral leads to a different calculus from the normal
one, due to the presence of a non-vanishing quadratic variation in the
integrator: with f(x) = x2 we obtained f(Bt) =

∫ t

0
ds+ 2

∫ t

0
BsdBs,

and similarly with g(x) = x3 we have g(Bt) = 3
∫ t

0
Bsds +

3
∫ t

0
B2

sdBs (see e.g. [B-Z]). The processes on the right deserve a name:

Definition 8.13 An Itô process X = (Xt)t∈[0,T ] is a stochastic process

of the form Xt = X0 +
∫ t

0
Ksds +

∫ t

0
HsdBs, where X0 is F0-

measurable, H,K are adapted processes, and
∫ T

0
|Ks| ds and

∫ T

0
H2

sds

are finite a.s.(P ).

For convenience, we often write this in differential form: dXt =
Ktdt + HtdBt, although strictly this is meaningless. If H ∈ M2

[0,T ],
the stochastic integral is well-defined by Definition 8.9.

Remark 8.14 The extension of the integral to all H with a.s. finite
integral

∫ T

0
Hs(ω)dBs(ω) requires some effort, and we briefly sketch

the main elements of the localisation technique by which this can
be done.

The idea is to approximate a path-continuous process X by bounded

processes X(n) with
∣∣∣X(n)

t (ω)
∣∣∣ ≤ n for all t and almost all ω. One

way of doing this is to wait till X hits an endpoint of [−n, n] and then
keep it constant. However, the ‘instant’ t at which this occurs depends
on the chosen path, so is a random variable with values in [0,∞], called
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a stopping time. Since we work within the finite interval [0, T ], we spe-
cialise to this case: a random variable τ : Ω → [0, T ] is a stopping time
if {ω : τ(ω) ≤ t} ∈ Ft for every t ≤ T. This ensures that the deci-
sion on ‘when to stop’ X is taken on the basis of our knowledge of the
paths to X up to time t. We use stopping times to make sense of the
stochastic integral for a general Itô process by bringing integrands back
to M2

[0,T ]: an increasing sequence (τn)n of stopping times is called

M2
[0,T ]-localising for X if X1{t≤τn} ∈ M2

[0,T ] and τn ↑ T a.s.(P ),
i.e. P (∪n{ω : τn(ω) = T}) = 1.

Denote by L2
loc[0, T ] the set of measurable adapted processesH such

that P
(∫ T

0
H2

sds <∞
)

= 1. Then M2
[0,T ] ⊂ L2

loc[0, T ] and for any

continuous real function g we have g(Bt) ∈ L2
loc[0, T ], as B is path-

continuous. We can now define the Itô integral whenHt = g(Bt), since
the sequence (τn)n, where τn = inf

{
s :

∫ s

0
H2

udu ≥ n
}
, is M2

[0,T ]-

localising for H: writing Xt =
∫ s

0
H2

udu we see that H1{t≤τn} ∈
M2

[0,T ], since
∣∣Xt1{t≤τn}

∣∣ ≤ n a.s.(P ), while
{∫ T

0
H2

sds <∞
}

=
∪n{τn = T}.

Fix H in L2
loc[0, T ]. For the above localising sequence (τn)n,

denote by M (n)
t the continuous martingale version of the Itô integral of

H1{t≤τn} and define the Itô integral It(H) of H as the a.s. limit of the
sequence (M (n))n. More precisely, take M as the unique continuous

process on [0, T ] with P
(
Mt = limnM

(n)
t

)
= 1 for each t in [0, T ].

We again write Mt = It(H).
We must check that the martingales M (n)

t match up correctly, that
the extension of the integral is independent of the localising sequence
chosen and that the limit is a continuous process. (See [S] for a nice
exposition.) However, the limit process M = I(H) need no longer be
a martingale – it is only a local martingale in the following sense: a
process M adapted to a filtration F = (Ft)t∈[0,T ] is a local martingale
if there is an increasing sequence of stopping times (τn) with τn ↑ T
a.s. and such that each M (n) defined by M (n)

t = Mt∧τn
is an (F, P )-

martingale.

Having described the ‘natural home’ of the Itô integral, we return to Itô
processes and outline the main elements of the resulting Itô calculus.
By Theorem 8.11, any Itô process X with H in M2

[0,T ] has a path-
continuous version, and if K = 0, then X−X0 is a centred martingale.
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So if dXt = Ktdt+HtdBt and
∫ t

0
E[|Ks|]ds = E

[∫ t

0
|Ks| ds

]
< ∞,

then E[Xt −X0] =
∫ t

0
E[Ks]ds, since E

[∫ t

0
HsdBs

]
= 0.

Recall from Section 6.2 that the Doob decomposition splits a dis-
crete adapted process Y uniquely (up to constants) into a martingale
and a predictable process (its compensator). With Y = M2 = N + A

for martingales M,N , we found that the compensator A is increasing.
The decomposition has a counterpart for continuous-time martingales,
where a key issue is the definition of ‘predictable’ processes (see
Section 8.5 and [K]). For our present purposes, it suffices to com-
pute the (continuous-time) compensator of any Itô process M of the
form Mt =

∫ t

0
HsdBs. First, we note that for s ≤ t in [0, T ],

E

[(∫ t

s
HudBu

)2

|Fs

]
= E

[(∫ t

s
H2

udu
)
|Fs

]
. This conditional ver-

sion of the Itô isometry is similar to Proposition 8.3: for s < t in
[0, T ], begin with a simple process H =

∑n−1
i=0 hiΔiB, and assume

without loss that s = tj , t = tk for some j, k ≤ n. The LHS is then

E

[(∑k−1
i=j hiΔiB

)2

|Ftj

]
, and equals

∑k−1
i=j E

[
h2

i (ΔiB)2|Ftj

]
just

as before. Since L2-limits preserve this identity, the result follows for
arbitrary H in M2

[0,T ]. Now we have:

Theorem 8.15 If H ∈ M2
[0,T ] and Mt =

∫ t

0
HsdBs, then the process

M2 − A, where At =
∫ t

0
H2

sds for t ∈ [0, T ], is also a martingale. We
call A the compensator of M .

Proof We obtain

E
[(
M2

t −M2
s

)
|Fs

]
= E[(Mt −Ms)2|Fs] = E

[(∫ t

s

HudBu

)2

|Fs

]

= E

[∫ t

s

H2
udu|Fs

]
,

from Remark 7.6 and the above conditional form of the Itô isometry.

But then E

[(
M2

t −
∫ t

0
H2

udu
)
|Fs

]
= M2

s −
∫ s

0
H2

udu, as required.

As for B, the compensator of the martingale M can be identified with
its quadratic variation: i.e. [M ]t =

∫ t

0
H2

sds for all t ∈ [0, T ] – the
proof of this needs some effort (see [S, Th.8.6]) and we omit it. On the
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other hand, it is easily seen that if Xt = X0 +
∫ t

0
Ksds, then [X]t = 0

for all t: P – almost all paths are uniformly continuous on [0, T ], so for
any sequence (πn) of partitions of [0, T ] with mesh going to 0 we have
(using the notation of Definition 7.21)

∑
(Δn

i X)2 ≤ ρ(n)
∑

|Δn
i X| ≤

ρ(n)
∣∣∣∫ t

0
Ksds

∣∣∣ and the RHS goes to 0 with ρ(n).

Corollary 8.16 The decomposition dXt = Ktdt + HtdBt of an Itô
process is unique: if also dXt = K ′

tdt+H
′
tdBt, then for all t, Kt = K ′

t

and Ht = H ′
t a.s.(P ).

For then
∫ t

0
(Ks −K ′

s) ds =
∫ t

0
(H ′

s −Hs) dBs and on the left the

quadratic variation is 0, while on the right it is
∫ t

0
(H ′

s −Hs)
2
ds. Thus

H ′ = H and so K = K ′ a.s.(P ).
The two examples at the beginning of this section provide a brief

glimpse of the Itô formula, which is the key to the new calculus we have
worked towards. In its simplest form, as above with f(x) = x2 or x3,
this states that if f ∈ C2(R) (i.e. is twice continuously differentiable),
then for t ∈ [0, T ]

f(Bt) = f(0) +
∫ t

0

f ′(Bs)dBs +
1
2

∫ t

0

f ′′(s)ds.

This breaks up f(Bt) into the sum of a martingale term and one of
bounded variation. The proof of this result is rather technical and will
be omitted, but we have already gathered all its essential elements (see
[B-Z], Theorem 7.5 for a nicely explicit proof). The same analysis (with
more effort) yields an Itô formula for Itô processes, if dXt = Ktdt +
HtdBt and f ∈ C1,2([0,∞) × R) (so that f = f(t, x) has continuous
partial derivatives ft, fx, fxx for t ∈ [0, T ]), f(t,Xt) is again an Itô
process with unique decomposition

f(t,Xt) = f(0, 0) +
∫ t

0

fx(s,Xs)HsdBs +
∫ t

0

Y (s,Xs)ds,

where Y (s,Xs) = ft(s,Xs) + fx(s,Xs)Ks + 1
2fxx(s,Xs)H2

s . With
this formula we can solve stochastic differential equations (SDEs) of the
form dXt = a(t,Xt)dt + b(t,Xt)dBt, X0 = x0. The solution X we
seek is an Itô process with a.s. continuous paths. As for ODEs, an argu-
ment using the Contraction Mapping Theorem will provide a unique
solution X when f, g are Lipschitz continuous and X0 ∈ L2(F0);
again, see e.g. [B-Z] for a proof.
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We illustrate the impact of the Brownian term by considering equa-
tions of the form dXt = Xt(νdt + σdBt), where the functions
a, b above become a(t, x) = νx, b(t, x) = σx, (σ > 0), so that
the t-derivative ft vanishes. If instead of B we had a non-random
C1-function h(t) with h(0) = 0 and x0 > 0, then the ODE dXt =
Xt(νdt + σdh(t)) has solution log

(
Xt

x0

)
= νt + σh(t), so we would

have Xt = x0e
νt+σh(t). However, if we apply the Itô formula with

Xt = X0e
νt+σBt , i.e. f(t, x) = x0e

νt+σx, we obtain

d(X0e
νt+σBt) =

(
ν +

σ2

2

)
X0e

νt+σBtdt+ σX0e
νt+σBtdBt.

So Xt = X0e
νt+σBt solves a linear SDE with an adjusted dt-term.

We can exploit this, setting μ = ν + σ2

2 , so the above SDE becomes
dXt = Xt[(μdt+ σdBt], and has unique solution Xt = X0e

νt+σBt =

X0e

(
μ−σ2

2

)
t+σBt .

8.4 The Black–Scholes model in finance

Our choice of this equation comes from finance. When σ > 0,
dSt

St
= μdt + σdBt, S0 constant, describes the stock price dynamics

of the famous (even infamous?) Black–Scholes (BS) model of mathe-
matical finance; this SDE describes proportional changes in the values
(St) of an asset (e.g. a stock) in terms of its average drift μ and its
volatility σ, which governs the size of random changes. We see that

St = S0e

(
μ−σ2

2

)
t+σBt is then the value of the asset S at any time

t ∈ [0, T ]. This asset pricing model forms the basis of the theory of
derivative securities. The risky asset (‘stock’) S is assumed to have the
above BS dynamics, while an accompanying bank account (or riskless
bond) β simply satisfies dβt = rβtdt, β0 = 1, so that βt = ert accrues
at a constant interest rate r.

Our aim is to derive a ‘rational price’ at time t < T for financial
instruments whose value at time T is a function of the final stock price
ST : ZT = Φ(ST ). These are European derivative securities; the sim-
plest is the call option, where ZT = (ST −K)+ for a constant K. The
call option allows its buyer the right (but not the obligation) to buy a
share of the asset S at time T at the strike price K, which is determined
at time 0. If ST ≤ K, the option is not exercised, but otherwise the
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buyer profits by ST −K. Thus the buyer will never lose money at time
T, and should therefore have to make some payment to the seller at time
0 to purchase the option, else he would have a chance of a riskless profit
(arbitrage or ‘free lunch’), which an efficient market should not allow.
Thus we take as axiomatic that markets do not allow arbitrage, which
can be expressed as follows: for t ∈ [0, T ], let Vt = atSt + btβt denote
the value of a portfolio of bonds and stocks. An arbitrage opportunity
is a portfolio which starts with 0 a.s.(P ), is never negative and has pos-
itive probability of being strictly positive at time T , so that E[VT ] > 0.
Our axiom excludes such portfolios.

By continuously adjusting our portfolio, we now seek to replicate
(mimic) the random cashflow process of the call option. It should be
done in a self-financing manner, so that no cash flows into or out of the
total holdings during (0, T ). This condition can be expressed in terms of
(stochastic) differentials as dVt = atdSt + btdβt. The trading strategy
process (at, bt)t∈[0,T ] can make use, at time t, only of knowledge of
the stock movements up to that point, i.e. it should be adapted to the
Brownian filtration F. Hence the differential equation can be made sense
of by Itô integrals, and we add the terminal condition VT = ZT . In
this (idealised) mathematical market model we can determine the initial
price C0 of the option (indeed, its price Ct for any t in [0, T ]) as well as
the strategy (at, bt) uniquely in advance.

The solution of this problem relies on a simple, but beautiful, appli-
cation of martingale theory. To see this, first express all prices in
discounted terms by introducing the discounted prices S̃t = St/βt,

which express the value of our stock in ‘time 0’ terms. The discounted
value of our holdings at time t is, similarly, Ṽt = Vt/βt, so that
Ṽt = atS̃t + bt.

In the BS model a self-financing trading strategy is a pair of
measurable adapted processes (a, b) with value process

Vt = V0 +
∫ t

0

audBu +
∫ t

0

budβu.

Exercise 8.17 Use the Itô formula to show that the discounted price
satisfies dṼt = atdS̃t; in other words, that for t ∈ [0, T ]

Ṽt = V0 +
∫ t

0

audS̃u.
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In the present context we can safely assume that a = (at)t is in M2
[0,T ]

and b = (bt)t in L1(m). Thus the exercise shows that, if the dis-
counted price is a martingale, then so is the discounted value process.
From dṼt = atdS̃t, it follows that changes in discounted value depend
only on our stock holdings – the bond plays no role in these. Recall
that we are working in some (unspecified) filtered probability space
(Ω,F ,F, P ) such that B is a Brownian Motion under F – in fact, we
shall assume that F = (Ft)t∈[0,T ] is the augmented Brownian filtration,
and that F0 is trivial (consists just of P -null sets and their comple-
ments). The key idea now is to change the probability measure P to
a risk-neutral measure Q, i.e. a probability measure Q equivalent to P
such that the discounted price process S̃ is an (F, Q) -martingale. If this
can be done, there can be no arbitrage in the market, as we now show.

Suppose that we have a risk-neutral measure Q ∼ P and consider a
portfolio V with initial value V0 = 0 a.s. (P ), hence a.s.(Q). Since S̃ is

a Q-martingale, so is the stochastic integral
(
V0 +

∫ t

0
audS̃u

)
t∈[0,T ]

,

hence EQ[ṼT |Ft] = Ṽt for each t < T, and in particular EQ[ṼT ] =
V0 = 0. But the value process is non-negative, so ṼT = 0 a.s.(Q),
hence also a.s.(P ). Thus the market does not allow arbitrage.

Moreover, if (Vt)t∈[0,T ] replicates the option, VT = (ST −K)+, and

the discounted value of the option at time t must be Ṽt at all times, so
that its fair (or rational) price at time 0 is

V0 = EQ[e−rT (ST −K)+|F0] = EQ[e−rT (ST −K)+].

The problem of pricing the option has been reduced to that of finding
a risk-neutral measure Q and computing the above expectation. To do
this, we shall employ Lemma 7.20, which is a special case of the famous
Girsanov Theorem.

Since we wish to work with discounted prices, consider the SDE for

S̃: we have S̃t = St

ert = S0e
(μ−r− 1

2 σ2)t+σBt , satisfying the SDE dS̃t

S̃t
=

(μ − r)t + σBt. Using Lemma 7.20 with c = μ−r
σ , so that B∗

t =(
μ−r

σ

)
t+Bt, we obtain dS̃t = σS̃tdB

∗
t . In terms of this new BM, the

stock price S is St = S0e
(r− 1

2 σ2)t+σB∗
t .

Under Q, Lemma 7.20 says that the discounted price process is a
stochastic integral of the BM B∗, hence a martingale. The discounted
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value process is a stochastic integral, hence also a martingale: Ṽt =
e−rtVt = V0 +

∫ t

0
atσS̃tdB

∗
t .

Thus if a replicating strategy exists in the model, the initial value of
the call option should equal the initial investment V0 in that strategy, so
we can compute the rational price of the call option as

V0 = EQ[ṼT ] = e−rT EQ[VT ] = e−rT EQ[(ST −K)+]

= EQ

[
e−rT

(
S0e

rT− 1
2 σ2T+σB∗

T −K
)+

]
and, denoting σB∗

T − σ2T
2 by Y

= e−rT

∫ ∞

log
(

K
S0

)
−rT

(S0e
rT+y −K)

1
σ
√

2πT
e−

(y+σ2T )2

2σ2T dy

= S0N (d+) −Ke−rTN (d−).

Exercise 8.18 Verify the final step (calculus!) showing that

d± =
log

(
S0
K

)
+
(
r ± 1

2σ
2
)
T

σ
√
T

.

The final line yields the Black–Scholes fair price for the European call
option, which now forms the starting point for an extensive literature on
derivative securities (see e.g. [E-K], [S]), which makes essential use of
martingales and stochastic integration.

8.5 Martingale calculus

Our brief analysis of the Black–Scholes model has not been entirely
‘honest’: we have not checked that a replicating strategy actually exists
for the call option. To gain understanding of why and how the model
provides a unique fair price, it is instructive to approach this question
more generally.

The ‘Brownian’ calculus is the prime example of a much more wide-
ranging martingale calculus, based on a deep result which extends the
Doob decomposition to continuous time. This allows us to define the
compensator (and hence quadratic variation) [M ] for a path-continuous
L2-martingale (and indeed more widely): this process ensures that
N = M2 − [M ] is a martingale. The process [M ] now turns out
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to be of bounded variation and – crucially – it is predictable: for
continuous-time processes, this concept lies deeper than in the discrete
case. As maps on the product space T × Ω, any family of stochas-
tic processes generates a σ-sub-field of BT × F , and we can define
the predictable σ-field Σp as that generated by the family of all con-
tinuous adapted processes. A predictable process is then one which is
measurable with respect to this σ-field.

As in the discrete case, predictable martingales are constant, so that
the decomposition M2 = N + [M ] is unique. Thus we can construct
stochastic integrals of the form

∫ t

0
fsdMs via simple processes and

using the isometry E

[(∫ t

0
fsdMs

)2
]

= E

[∫ t

0
f2

s d[M ]s
]

, where on

the right we have a Lebesgue–Stieltjes integral.
The Itô formula extends to this setting. In its simplest form, with

x→ F (x) in C2), it reads

dF (Mt) = F ′(Mt)dMt +
1
2
F ′′(Mt)d[M ]t.

The analogy with Hilbert-space techniques can be taken further:
define the cross-variation of two martingales M,N as

[M,N ] =
1
4
([X + Y ] − [X − Y ]),

then we have the following integration-by-parts formula

d(MtNt) = MtdNt +NtdMt + [M,N ]t.

(The ‘extra’ term again derives from the fact that the quadratic varia-
tions are not 0.)

These ideas were developed much further by the ‘Strassbourg
School’ led by the late Paul-André Méyer and have found varied appli-
cations. The wide scope of stochastic integration techniques is illus-
trated by the use of semimartingales as integrators: ifX = X0+M+V ,
where M is a (local) martingale and V a process (locally) of bounded
variation, then we can again define

∫ t

0
fsdXs in much the same way as

for Itô processes. (The localisation technique, which applies generally,
was outlined for Itô processes in Remark 8.14.)

In fact, semimartingales are the most general stochastic integra-
tors: if we demand that

∫ t

0
fn(s)dXs →

∫ t

0
f(s)dXs in probability

whenever fn(s) → f(s) uniformly on [0, t], then X can be shown
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to be a semimartingale. In [P], this characterisation is used to define
semimartingales and their extensive theory is developed from this
perspective.

However, Brownian Motion is never too far away, and plays a central
role in the space of continuous martingales. To illustrate this, we outline
the proof of Lévy’s Theorem. With the above notation we can rephrase
the result discussed in Remark 7.19:

Theorem 8.19 (Lévy’s Theorem) Any continuous martingale M with
M0 = 0 and [M ]t = t is Brownian Motion.

As indicated in Remark 7.19, to prove this it suffices to check that the
characteristic function of the incrementsMt−Ms has the right form, i.e.
E[eiλ(Mt−Ms ] = e−

1
2 λ2(t−s) for 0 ≤ s < t ≤ T and all real λ. So apply

the above Itô formula to the real and imaginary parts of the complex-
valued function f(x) = eiλx. We obtain (as you should check!)

f(Mt) = eiλMt = f(Ms) +
∫ t

s

iλeiλMudMu − 1
2

∫ t

s

λ2eiλMudu

since we are given that d[M ]u = du. The integrands are bounded by
1, so that the real and imaginary parts of

∫ t

s
iλeiλMudMu are square-

integrable martingales, and hence E

[∫ t

s
iλeiλMudMu|Fs

]
= 0. Thus

for fixed A in Fs we multiply the above equation by 1Ae
−iλMs and

take expectations∫
A

eiλ(Mt−Ms)dP = P (A) − 1
2
λ2

∫ t

s

E[eiλ(Mu−Ms)]du.

This integral equation has the form g(t) = P (A) − 1
2λ

2
∫ t

s
g(u)du,

with g as the deterministic function t→
∫

A
eiλ(Mt−Ms)dP. Its solution

is g(t) = P (A)e−
1
2 λ2(t−s). This completes the proof, as A = Ω yields

E[eiλ(Mt−Ms)] = e−
1
2 λ2(t−s), as required.

The alternative proof of the Girsanov Theorem, which we announced
in Chapter 7, follows from this result and further use of the Itô for-
mula for martingales. First, we note that, given a probability space
(Ω,F , P ), [0, T ] and a probability measure Q � P on (Ω,F), then

Mt = E

[
dQ
dP |Ft

]
(t ∈ [0, T ]) defines a martingale M with the

following property:
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Lemma 8.20 The product process (XtMt) is a P -martingale iff (Xt)
is a Q-martingale.

For the proof, simply note that for s ≤ t and A in Fs we have by
definition, if XM is a P -martingale∫

A

XtdQ =
∫

A

XtMtdP =
∫

A

XsMsdP =
∫

A

XsdQ,

so that X is a Q-martingale, while the inner identity shows conversely
that XM is a P -martingale.

For our special case of the Girsanov Theorem, we use the martingale
Mt = exp

(
−cBt − 1

2c
2t
)

to define the measure Q (see Lemma 7.20).

The process M solves the SDE Mt = 1 −
∫ t

0
cMsdBs, as is easily

verified, and it is strictly positive, so thatQ ∼ P. Being a P -martingale,
EP [Mt] = EP [M0] = 1. So Q(Ω) = EP [MT 1] = 1, and Q is a
probability measure.

To show that Xt = ct + Bt defines a Q-BM, we use the Lévy
Theorem. Clearly, X0 = 0 and X is path-continuous, so we only need
to check that (Xt) and

(
X2

t − t
)

are Q-martingales.
The first of these holds iff XM is a P -martingale, by Lemma

8.18. To show that it is, we apply the integration-by-parts formula
to XM, noting that dXt = dBt + cdt, dMt = −cMtdBt, so that
d([X,M ]t =− cMt(dB)2t = −cMtdt

d(XtMt) = MtdXt +XtdMt + d[X,M ]t
= Mt(dBt + cdt) − cXtMtdBt − cMtdt

= Mt(1 − cXt)dBt.

In other words, XtMt = X0M0 +
∫ t

0
Ms(1 − cXs)dBs is a stochastic

integral, hence a martingale, under P.
For the final condition, apply the Itô formula to f(x) = x2

d(Xt)2 = 2XtdXt + d[X]t = 2XtdXt + dt.

In other words, X2
t − t = 2

∫ t

0
XsdXs, and since X is a Q-martingale,

so is this stochastic integral. This completes the alternative proof of
Lemma 7.20.

The Lévy Theorem shows that BM B plays a central role in the set
of continuous F-martingales on the filtered space (Ω,F ,F, P ) when



8.5 Martingale calculus 115

F is the Brownian filtration (i.e. that induced by B). We now outline
briefly (following [O]) a key representation theorem for L2-bounded F-
martingales which shows them to be stochastic integrals of B. This, in
turn, enables us to fill the remaining gap in our discussion of the Black–
Scholes model (Section 8.4) by describing a unique replicating strategy
for a European call option in this model. (In fact, the method supplies
such strategies for any European derivative security: this confirms that
the BS model is complete.)

First, we state without proof a lemma which highlights the impor-
tance of exponentials already encountered (as the special case where
h is constant ) in the tilting formula (Section 7.4) and the martingale
M used for the Girsanov measure transformation. It shows how Itô
integrals of deterministic integrands can create a dense subspace in
L2(FT , P ).

Lemma 8.21 The linear span of the set E of random variables

Y h
T = exp

(∫ T

0

h(t)dBt(ω) − 1
2

∫ T

0

h2(t)dt

)
for h ∈ L2([0, T ],m) is dense in L2(FT , P ).

For a proof (using analytic extensions and Fourier transforms), see [O].

Theorem 8.22 (Itô Representation Theorem) If X ∈ L2(F , P ), then
there is a unique H ∈ M2

[0,T ] such that

X(ω) = E[X] +
∫ T

0

Ht(ω)dBt(ω) a.s.(P ).

Proof Suppose Y h
T (ω) = exp

{∫ T

0
h(s)dBs(ω) − 1

2

∫ T

0
h2(s)ds

}
for

some h inL2[0, T ]. Set Y h
t (ω)= exp

{∫ t

0
h(s)dBs(ω) − 1

2

∫ t

0
h2(s)ds

}
for t ∈ [0, T ] Applying Itô’s formula to Y h we obtain

dY h
t = Y h

t

[
h(t)dBt −

1
2
h2(t)dt

]
+

1
2
Y h

t h
2(t)dt = Y h

t h(t)dBt,

which means that Y h
t = 1 +

∫ t

0
Y h

s h(s)dBs for each t in [0, T ]. This
shows that the theorem holds when X = Y h

T and thus for any Z in the
subspace E generated by the Y h

T . For general X in L2(F , P ), we use
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approximation by functions in this dense subspace: suppose Zn → X

in L2-norm and Zn(ω) = E[Zn] +
∫ T

0
hn(s, ω)dBs(ω) for some hn in

M2
[0,T ]. The Itô isometry yields, for any m,n

‖|Zm − Zn||22 = E

⎡⎣E[(Zm − Zn)] +

(∫ T

0

{hm(s) − hn(s)}dB
)2

⎤⎦
= E[(Zm − Zn)] +

∫ T

0

E[(hm(s) − hn(s))2]ds.

The LHS goes to 0 as m,n → ∞, hence we see that (hn)n is Cauchy,
hence convergent, in L2([0, T ] × Ω). The limit H is again in M2

[0,T ],
since we have a.s.(P )-convergence for a subsequence, hence H(t, ·) is
Ft-measurable for almost all t, so that H has an adapted version. Using
the Itô isometry again, we see that

X = limn Zn = limn

(
E[Zn] +

∫ T

0

hn(s)dBs

)

= E[X] +
∫ T

0

H(s)dBs,

where the limit is taken in L2(F , P ). Uniqueness follows from yet
another application of the Itô isometry.

Corollary 8.23 If M is an L2(F, P )-martingale, then there exists a
unique H in M2

[0,T ] such that a.s.(P ) for all t in [0, T ]

Mt = E[M0) +
∫ t

0

HsdBs.

This follows at once from the fact that M is u.i., so that for each t ≤ T,

Mt = E[MT |Ft] and MT ∈ L2(F , P ), while the stochastic integral is
a martingale.

Example 8.24 Finally, let us return to the Black–Scholes option pricing
model. Under the risk-neutral measure Q, the process B∗ with B∗

t =
Bt + μ−r

σ t is a BM, dS̃t = σaudB
∗
t , so that for a replicating strategy

(at, bt)t∈[0,T ] the discounted value process Ṽ is given by the stochastic
integral

Ṽt = V0 +
∫ t

0

σauS̃udB
∗
u.
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The payoff of a European call with strike K is fT = (ST − K)+.
The discounted final value ṼT = aT S̃T + bT of such a strategy must
equal the discounted payoff, i.e. ṼT = e−rT (ST − K)+. But Ṽ is a
u.i. martingale, so that Ṽt = EQ[e−rT fT |Ft]. This is an L2(F , Q)-
martingale, so by Corollary 8.22 we can find H in M2

[0,T ] such that for

each t, Ṽt = E[e−rT fT ] +
∫ t

0
HudB

∗
u. Equate the two expressions for

Ṽt and recall that V0 = E[e−rT fT ]. We see that Ht = σate
−rtSt, as

the integrand in the Martingale Representation Theorem is unique (as a
element of M2

[0,T ]). In other words, the unique stock holding strategy,

which replicates the call option, is given by at = ert

σSt
Ht. The bond

holding is then given by bt = Ṽt − atS̃t = Ṽt − σ−1Ht. We have
verified the existence of a unique replicating strategy, whose values are
determined fully by the integrand H in the martingale representation of
the discounted value process. This justifies the assumption we made in
deriving the Black–Scholes formula.
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[D-M] C. Dellacherie and P. -A. Méyer, Probabilities and Potential, North-
Holland, Amsterdam, 1975, 1982.

[E-K] R. J. Elliott and P. E. Kopp, Mathematics of Financial Markets, 2nd
edition, Springer, New York, 2005.

[K-S] I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Calculus,
2nd edition, Springer, New York, 1991.

[K] P. E. Kopp, Martingales and Stochastic Integrals, Cambridge University
Press, 1984.

[L] M. Loeve, Probability Theory I, II, 4th edition, Springer, New York, 1977,
1978.

[N] J. Neveu, Discrete-Parameter Martingales, North-Holland, Amsterdam,
1975.

[O] B. Oksendal, Stochastic Differential Equations, 6th edition Springer,
Heidelberg, 2003.

[P] P. Protter, Stochastic Integration and Differential Equations, Springer, New
York, 1990.

[R-Y] D. Revuz and M. Yor, Continuous Martingales and Brownian Motion,
Springer, New York, 1991.

[R-W] L. C. G. Rogers and D. Williams, Diffusions, Markov Processes, and
Martingales, Cambridge University Press, 2000.

[R] W. Rudin, Real and Complex Analysis, McGraw-Hill, New York, 1966.
[S] J. M. Steele, Stochastic Calculus and Financial Applications, Springer,

New York, 2000.
[W] D. Williams, Probability with Martingales, Cambridge University Press,

1991.

118



Index

σ-field, 5
Borel, 5, 79, 85
generated by a function, 19
product, 42, 79

d-system, 16
π-system, 16

almost everywhere, 13
almost surely, 3
arbitrage opportunity, 109
Axiom of Choice, 13

Banach space, 52
Black–Scholes model, 108
Brownian

filtration, 84
increments, 84
Motion, 83
symmetry, 87

Cantor set, 2
compensator

for a discrete martingale, 64
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